
CHAPTER 3

Graph Theoretic Models in Chemistry
and Molecular Biology

DEBRA KNISLEY and JEFF KNISLEY

3.1 INTRODUCTION

3.1.1 Graphs as Models

A graph is a mathematical object that is frequently described as a set of points
(vertices) and a set of lines (edges) that connect some, possibly all, of the points.
If two vertices in the graph are connected by an edge, they are said to be adjacent,
otherwise they are nonadjacent. Every edge is incident to exactly two vertices; thus,
an edge cannot be drawn unless we identify the two vertices that are to be connected
by the edge. The number of edges incident to a vertex is the degree of the vertex.
How the edges are drawn, straight, curved, long, or short, is irrelevant, only the
connection is relevant. There are many families of graphs and sometimes the same
graph can belong to more than one family. For example, a cycle graph is a connected
graph where every vertex is of degree 2, meaning every vertex is incident to exactly
two edges. A bipartite graph is a graph with the property that there exists a partition
of the vertex set into two sets such that there are no edges between any two vertices in
the same set. Figure 3.1 shows two drawings of the same graph that can be described
both as a cycle on six vertices and as a bipartite graph. The two graphs in Figure 3.1
are said to be isomorphic. Two graphs are isomorphic if there exists a one-to-one
correspondence between the vertex sets that preserves adjacencies. In general, it is
a difficult problem to determine if two graphs are isomorphic.
An alternate definition of a graph is a set of elements with a well-defined relation.

Each element in the set can be represented by a point and if two elements in the set
are related by the given relationship, then the corresponding points are connected by
an edge. Thus, the common definition of a graph is really a visual representation of
a relationship that is defined on a set of elements. In graph theory, one then studies
the relational representation as an object in its own right, discerning properties of
the object and quantifying the results. These quantities are called graphical invariants
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FIGURE 3.1 (a) A cycle. (b) A bipartite graph.

since their values are the same regardless of how the graph is drawn. The graphical
invariants, in turn, tell us about the consequences the relation has on the set. To
utilize a graph as a model, we must first determine the set and the relation on the
set that we want to study. For example, suppose we want to consider a group of
six people, three men and three women. None of the men have ever met each other
and none of the women have ever met, but some of the men have met some of the
women. Suppose the graph in Figure 3.1b models this set of people where the two
people are “related” or associated if they have previously met. Since the two graphs
in Figure 3.1 are isomorphic, we immediately know that it is possible to seat the six
people around a circular table so that each person is seated next to someone that they
have previously met. This illustration shows the usefulness of graphs even with a
very simple example. Graphs are frequently used in chemistry to model a molecule.
Given the atoms in a molecule as the set, whether or not a bond joins two atoms
is well defined and hence the graphical representation of a molecule is the familiar
representation.
What is a mathematical model? What is a graph theoretic model? Since graph

theory is a field of mathematics, one would assume that a graph theoretic model is a
special case or a particular kind of mathematical model. While this is true, the gen-
erally accepted definition of a mathematical model among applied mathematicians is
somewhat different from the idea of amodel in graph theory. Inmathematical settings,
a model is frequently associated with a set of equations. For example, a biological
system is often modeled by a system of equations, and solutions to the equations are
used to predict how the biological system responds to stimuli. Molecular biology and
biochemistry, however, are more closely aligned with chemistry methodology and
literature. Models of molecules in chemistry are often geometric representations of
the actual molecule in various formats such as the common ball and stick “model”
where balls are used to represent atoms and bonds between the atoms are represented
by sticks. As we have seen, this straightforward model of a molecule gives easy rise
to a graph where the balls are the vertices and the sticks are the edges. The first
appearance of a graph as a model or representation of a molecule appeared in the
early nineteenth century. In fact, chemistry and graph theory have been paired since
the inception of graph theory and we find that the early work in physical chemistry
coincided with the development of graph theory.
As we have seen, a graphical invariant is a measure of some aspect of a graph that

is not dependent upon how the graph is drawn. For example, the girth of a graph is the
length of its shortest cycle. A graph that has no cycle is said to be of infinite girth. The
most obvious of invariants are the order (number of vertices) and the size (number of
edges). The minimum number of vertices whose removal will disconnect the graph
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FIGURE 3.2 G.

is the (vertex) connectivity number. The graph in Figure 3.2 has girth 4, is of order 6,
size 7, and connectivity 2.

3.1.2 Early Models in Chemistry

One of the first theorems of graph theory can be stated as follows: The sum of the
degrees of a graph is twice the number of edges. Since the sum of the degrees of the
vertices of even degree is necessarily an even number, the sum of the degrees of the
vertices of odd degree must also be even. As a corollary to the above theorem, we
know that the number of vertices of odd degree must be even. As far back as 1843,
Laurent [1] and Gerhardt [2] established that the number of atoms of odd valence
(degree) in a molecule was always even. What constituted an edge was not well
established though. One of the earliest formulations of graphs appeared in 1854 in
the work by Couper [3], and in 1861, a chemical bond was represented by a graphical
edge following the introduction of the term “molecular structure” by Butlerov [4].
The concept of valence of an atom was later championed by Frankland whose work
was published in 1866 [5].
Arthur Cayley, a well-known mathematician from the late 1800s, used combi-

natorial mathematics to construct chemical graphs [6]. Using mathematics, Cayley
enumerated the saturated hydrocarbons by determining the generating function for
rooted trees. As an illustration, consider the expansion of the expression (a+ b)3.
The coefficients of the terms are 1, 3, 3, and 1, respectively, in the expanded form:
1a3b0 + 3a2b1 + 3a1b2 + 1a0b3. Note that the exponents in each term sum to 3 and
each term represents a distinct way we can obtain the sum of 3 using two distinct
ordered terms. If we let b represent the number of ways we can select to insert an
edge (or not to insert an edge), then the corresponding coefficients yield the number
of ways this selection can be done. Hence, corresponding to the coefficients, there
is one graph with no edges, three graphs with exactly one edge, three graphs with
exactly two edges, and one graph with three edges. These are drawn in Figure 3.3.
This is the idea behind generating functions. Since the graphical representations of
the saturated hydrocarbons are trees, Cayley determined how many such trees are
combinatorially possible. At that time, his count exceeded the number of known sat-
urated hydrocarbons by 2. Soon after, two additional hydrocarbons were found. How
does one prove that a graphical representation of a saturated hydrocarbon is a tree?
First, we must define a tree. A tree is a connected graph with no cycles. These two
properties, connected and acyclic, imply that any tree with n vertices must contain
exactly n− 1 edges.
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FIGURE 3.3 All possible graphs with three vertices.

A saturated hydrocarbon has themaximumpossible number of hydrogen atoms for
the number of carbon atoms in a molecule and is denoted by the formula CmH2m+2.
The tree representation of butane, C4H10, is shown in Figure 3.4.
In order to prove that a graphical representation of a molecule with the above

formula will always be represented by a tree, we must conclude that it is connected
and acyclic. Since it is molecule, it is inherently connected. Thus, we must show that
it will be impossible for a cycle to occur. This is equivalent to showing that there
will always be exactly one less edge than the number of vertices. So we proceed with
the counting argument. We know that there are m+ 2m+ 2 vertices total by adding
the carbon and hydrogen atoms. Thus, there are 3m+ 2 vertices. To count the edges
we observe that each carbon atom is incident to exactly four edges and hence there are
4(m) edges associated with the carbon atoms. Also, each hydrogen atom is incident
to exactly one edge and thus we have 1(2m+ 2) additional edges. Since each edge
is incident to exactly two vertices, each edge has now been counted exactly twice.
Thus, the number of edges total is (1/2)(4m+ 2m+ 2) = 3m+ 1.Note that 3m+ 1
is exactly one less than the number of vertices.
The mathematician Clifford was first to demonstrate that a saturated hydrocarbon

could not possess any cycles and in fact showed that a hydrocarbon with the gen-
eral formula CmH2m+2−2x must contain x cycles [7]. In 1878, Sylvester founded the
American Journal of Mathematics. In its very first issue he wrote a lengthy article
on atomic theory and graphical invariants. By labeling the vertices of the graphs,
Sylvester was able to devise a method for validating the existence of different types
of chemical graphs. This was the first usage of the word graph in the graph theoretic
sense [8]. Through the years, chemical graph theory has survived as a little known
niche in the field of graph theory. Most textbook applications of graphs have cen-
tered on computer networks, logistic problems, optimal assignments strategies, and
data structures. Chemical graph theorists persisted and developed a subfield of graph

FIGURE 3.4 Butane.
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theory built upon molecular graphs. Quantifiers of the molecular graphs are known
as “descriptors” or topological indices. These topological indicators are equivalent
to graphical invariants in the realm of mathematical graph theory. In the following
sections we discuss some of the early graph theoretic models, as well as some of the
first graphical invariants and topological indices. For more information on chemical
graph theory see the works by Bonchev and Rouvray [9] and Trinajstic [10,11].

3.1.3 New Directions in Chemistry and Molecular Biology

Today graphs are being used extensively to model both chemical molecules and
biomolecules. Chemists use molecular descriptors that yield an accurate deter-
mination of structural properties to develop algorithms for computer-aided drug
designs and computer-based searching algorithms of chemical databases. Just as
bioinformatics is the field defined as belonging in the intersection of biology and
computer science, cheminformatics lies in the intersection of chemistry and computer
science. Cheminformatics can be defined as the application of computational tools to
address problems in the efficient storage and retrieval of chemical data. New related
fields are emerging, such as chemical genomics and pharmacogenomics. Organic
chemicals frequently referred to as “small molecules” are playing a significant part
in the discovery of new interacting roles of genes. The completion of the Human
Genome Project has changed the way new drugs are being targeted and the expansion
of chemical libraries aided by techniques from combinatorial chemistry is seeing
more and more graph theoretic applications. While it is generally accepted that
graphs are a useful tool for small molecules, graphs are also being utilized for larger
biomolecules as well. Graphs are appearing in the literature as DNA structures,
RNA structures, and various protein structures. We find that graphs are becoming
an invaluable tool for modeling techniques in proteomics and protein homology and
thus one could say that chemical graph theory has contributed indirectly to these
fields as well. Using graphs to model a molecule has evolved from the early days of
chemical graph theory to become an integral part of cheminformatics, combinatorial
and computational chemistry, chemical genomics, and pharmacogenomics.
Algorithms that determine maximum common induced subgraphs or other

structure similarity searches have played a key role in computational chemistry and
cheminformatics. An obvious problem associated with such algorithms is the rapid
increase in the number of possible configurations. The exponential growth of the
number of graphs with an increasing number of vertices is a difficult challenge that
must be addressed. Large graphs result in nonpolynomial time algorithms creating
excessive computational expense. In addition, intuition that can often be an aid in
determining appropriate molecular descriptors and thus the investigation is greatly
hindered by large graphs that cannot be visualized. Methods have been developed for
reducing the size of graphs, and such graphs are commonly referred to as reduced
graphs. These methods have had a significant impact on the ability to model the rel-
evant biomolecular structures and provide summary representations of chemical and
biochemical structures. Reduced graphs offer the ability to represent molecules in
terms of their high level features [12,13].
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In 2005, in partial fulfillment of the NIH Roadmap stated objectives, NIH
announced a plan to fund 10 cheminformatic research centers in response to the iden-
tification of critical cheminformatics needs of the biomedical research community.
The centers will formulate the strategies to address those needs and will also allow
awardees to become familiar with the operation and interactions among the various
components of the NIH Molecular Libraries Initiative. These centers are intended to
promotemultidisciplinary,multiinstitutional collaboration among researchers in com-
putational chemistry, chemical biology, data mining, computer science, and statistics.
Stated components of proposed research include the calculation of molecular descrip-
tors, similaritymetrics, and specializedmethodologies for chemical library design and
virtual screening. For example, the Carolina Exploratory Center for Cheminformatics
Research plans to establish and maintain an integrated publicly available Cheminfor-
matics Workbench (ChemBench) to support experimental chemists in the Chemical
Synthesis centers and quantitative biologists in the Molecular Libraries Screening
Centers Network. The Workbench is intended to be a data analytical extension to
PubChem.

3.2 GRAPHS AND ALGORITHMS IN CHEMINFORMATICS

3.2.1 Molecular Descriptors

Values calculated from a representation of a molecule that encode some aspect of
the chemical or biochemical structure and activities are called molecular descrip-
tors. There are an enormous number of descriptors that have been defined and uti-
lized by researchers in fields such as cheminformatics, computational chemistry, and
mathematical chemistry. The Handbook of Molecular Descriptors [14] is an ency-
clopedic collection of more than 3000 descriptors. Molecular descriptors fall into
three general categories. Molecular descriptors that quantify some measure of shape
and/or volume are called steric descriptors. Electronic descriptors are those that mea-
sure electric charge and electrostatic potential, and there are those that measure a
molecule’s affinity for a lipophilic environment such as log P. log P is calculated as
the log ratio of the concentration of the solute in the solvent. Examples of steric de-
scriptors are surface area and bond connectivity. Surface area is calculated by placing
a sphere on each atom with the radius given by the Van der Waals radius of the atom.
Electronic descriptors include the number of hydrogen bond donors and acceptors and
measures of the pi–pi donor–acceptor ability ofmolecules.With the support of the EU,
INTAS (the International Association for the Promotion of Cooperation with Scien-
tists) from the New Independent States (NIS) of the Former Soviet Union created The
Virtual Computational Chemistry Laboratory (VCCL) with the aim to promote free
molecular properties calculations and data analysis on the Internet [15]. E-Dragon,
a program developed by the Milano Chemometrics and QSAR Research Group [16]
and a contributor to the VCCL, can calculate more than 1600 molecular descrip-
tors that are divided into 20 categories. Its groups of indices include walk-and-path
counts, electronic, connectivity, and information indices. The molecular descriptors
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that E-Dragon categorizes as topological indices are obtained from molecular graphs
(usually H-depleted) that are conformationally independent. E-Dragon is available at
VCCL.
All chemical structures can be represented by a simplified linear string using a

specific set of conversion and representation rules known as SMILES (Simplified
molecular input line entry system). SMILES strings can be converted to representative
3D conformations and 2D representations. While 1D representations are strings and
3D representations are geometric, 2D representations are primarily graphs consisting
of vertices (nodes) and their connecting edges. SMILES utilizes the concept of a graph
with vertices as atoms and edges as bonds to represent amolecule. The development of
SMILESwas initiated by the author, DavidWeininger, at the Environmental Research
Laboratory, USEPA, Duluth, MN; the design was completed at Pomona College in
Claremont, CA. It was embodied in the Daylight Toolkit with the assistance of Cedar
River Software. Parentheses are used to indicate branching points and numeric labels
designate ring connection points [17].
Quantities derived from all three representations are considered molecular de-

scriptors. Since we are primarily concerned with graph theoretic models, we will
focus on 2D descriptors from graphs and refer to these as topological descriptors or
topological indices. Graphs are also useful for 3D models since 3D information can
be contained in vertex and edge labeling [18,19]. Descriptors calculated from these
types of representations are sometimes called information descriptors. While the 2D
graphical model neglects information on bond angles and torsion angles that one finds
in 3D models, this can be advantageous since it allows flexibility of the structure to
occur without a resulting change in the graph. Methods and tools from computational
geometry also often aid in the quantification and simulation of 3D models.
Molecular descriptors are a valuable tool in the retrieval of promising pharmaceu-

ticals from large databases and also in clustering applications. (ADAPT) (Automated
Data Analysis Using Pattern Recognition Toolkit) has a large selection of molecu-
lar descriptor generation routines (topological, geometrical, electronic, and physic-
ochemical) and the ability to generate hybrid descriptions that combine features.
ADAPT was developed by Peter Jurs, the Jurs Research Group at Penn State, and is
available over the Internet [20]. TheMolecular operating environment (MOE) offered
by the Chemical Computing Group [21] has a developed a pedagogical toolkit for
educators including a cheminformatics package. This toolkit can calculate approx-
imately 300 descriptors including topological indices, structural keys, and E-state
indices.

3.2.2 Graphical Invariants and Topological Indices

A topological index is a number associated with a chemical structure represented by
a connected graph. The graph is usually a hydrogen-depleted graph, where atoms are
represented by vertices and covalent bonds by edges. On the contrary, many results
in graph theory have focused on large graphs and asymptotic results in general. Since
chemical graphs are comparatively small, it is not too surprising that graphical invari-
ants and topological indices have evolved separately. However, with the new avenues
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of research in biochemical modeling of macromolecules, the field of mathematical
graph theory may bring new tools to the table. In chemical graph theory, the number
of edges, that is, the number of bonds, is an obvious and well-utilized molecular de-
scriptor. Theorems from graph theory or graphical invariants from related fields such
as computational complexity and computer architecture may begin to shed new light
on the structure and properties of proteins and other large molecules. In recent results
by Haynes et al., parameters based on graphical invariants from mathematical graph
theory showed promising results in this direction of research [22,23]. It certainly ap-
pears that a thorough review of theoretical graphical invariants with an eye toward
new applications in biomolecular structures is warranted
Without a doubt, there will be some overlap of concepts and definitions. For ex-

ample, one of the most highly used topological indices was defined by Hoyosa in
1971 [24]. This index is the sum of the number of ways k disconnected edges can be
distributed in a graph G.

I(G) =
n/2∑
k=0

θ(G, k),

where θ(G, 0) = 1 and θ(G, 1) is the number of edges in G. Let us deviate for a
moment and define the graphical invariant, k-factor. To do so, we first define a few
other graph theoretic terms. A graph is k-regular if every vertex has degree k. A graph
H is a spanning subgraph of G if it is a subgraph that has the same vertex set of
G. A subgraph H is a k-factor if it is a k-regular spanning subgraph. A 1-factor is a
spanning set of edges and a 2-factor of a graph G is a collection of cycle subgraphs
that span the vertex set of G. If the collection of spanning cycles consists of a single
cycle, then the graph isHamiltonian. Hamiltonian theory is an area that has received
substantial attention among graph theorists, as well as the topic of k-factors. We
note that θ(G, 1) is the number of edges in G and that θ(G,n/2) is equivalent to the
number of 1-factors in G [9]. In the following sections, we define selected graphical
invariants and topological indices, most of which were utilized in the work by Haynes
et al. [22,23].
Domination numbers of graphs have been utilized extensively in fields such as

computer network design and fault tolerant computing. The idea of domination is
based on sets of vertices that are near (dominate) all the vertices of a graph. A set of
vertices dominate the vertex set if every vertex in the graph is either in the dominating
set or adjacent to at least one vertex in the dominating set. The minimum cardinality
among all dominating sets of vertices in the graph is the domination number. For more
information on the domination number of graphs see Haynes [25]. If restrictions are
placed on the set of vertices that we may select to be in the dominating set, then we
obtain variations on the domination number. For example, the independent domination
number is the minimum number of nonadjacent vertices that can dominate the graph.
Consider Figure 3.5, which contains two trees of order 7, one with independent
domination number equal to 3 and the other with independent domination number
equal to 2. The vertices in each independent minimum dominating set are labeled
{u,w, z} and {u, z}, respectively. Domination numbers have been highly studied in
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FIGURE 3.5 Dominating vertices {u,w, z} and {u, z}, respectively.

mathematical graph theory and have applications in many fields such as computer
networks and data retrieval algorithms.
The eccentricity of a vertex is the maximum distance from a vertex v to any other

vertex in the graph where distance is defined to be the length of the shortest path and
is denoted by d(u, v). The diameter of G, diam (G), is the maximum eccentricity
where this maximum is taken over all eccentricity values in the graph. That is,

diam(G) = max
u,v∈V

d(v, u)

and the radius of a graphG, denoted by rad (G), is given by theminimum eccentricity
value, that is,

rad(G) = min
x∈V max

y∈V
{d(x, y)}.

The diameter and radius are both highly utilized graphical invariants and topological
indices.
The line graph of G, denoted by L(G), is a graph derived from G so that the edges

in G are replaced by vertices in L(G). Two vertices in L(G) are adjacent whenever
the corresponding edges in G share a common vertex. Beineke and Zamfirescu [26]
studied the kth ordered line graphs andDix [27] applied the second ordered line graphs
to concepts in computational geometry. Figure 3.6 shows a graph G with L(G) and
L2(G), the second iterated line graph. Note that vertex x in L2(G) corresponds to the
edge x in L(G). The edge x in L(G) is defined by the two vertices a and b. These two
vertices in L(G) correspond to the two edges a and b in G. Topological indices do
not account for angle measures; however, two incident edges represent an angle and
thus vertex x in L2(G) corresponds to the angle, or path of length 2, namely {1, 3, 2}.
Given that there are over 3000 molecular descriptors defined in the Handbook

of Molecular Descriptors, we will make no attempt to provide an extensive list of
topological indices. Rather we have selected a few representatives that are classical
and well known as examples.
The Gordon–Scantlebury index is defined as the number of distinct ways a chain

fragment of length 2 can be embedded on the carbon skeleton of a molecule [28].
Thus, ifG is the graph in Figure 3.6, then the Gordon–Scantlebury number is 4. The
second iterated line graph discussed above not only provides an easyway to determine
this index, but also tells us how these paths are related. Notice that the vertices z, w,
and y in L2(G) form a triangle; that is, they are all pairwise adjacent. This is because
they are all incident to vertex c in L(G). Since vertex c in L(G) corresponds to edge
c in G, we know that the three paths of length 2 corresponding to the vertices in z,
w, and y in L2(G) all share edge c.
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FIGURE 3.6 A graph, its line graph, and the second iterated line graph.

Among the earliest topological indices are the connectivity indices. The classical
connectivity index defined by Randic [29] is given by

R0(G) =
∑
v∈V

1√
∂(v)

,

R1(G) =
∑
uv∈E

1√
∂(u)∂(v)

.

The Randic numbers for the graph G in Figure 3.6 are R0(G) = 1+ 1+ 1/
√
3+

1/
√
2+ 1 = 4.28 and R1(G) = 2(1/

√
1 · 3)+ 1/√2 · 3+ 1/√1 · 2) = 2.27. This

index can be generalized for paths of length l to define the generalized Randic number
Rl(G).One can consider paths as a special type of subgraph. More recently, Bonchev
introduced the concept of overall connectivity of a graphG, denoted by TC(G), which
is defined to be the sum of vertex degrees of all subgraphs of G [30].
The adjacency matrix is a straightforward way to represent a graph in a computer.

Given a graph with n vertices labeled V = {v1, v2, ..., vn}, the adjacency matrix A

is an n× n matrix with a 1 in the ith row and jth column if vertex vi is adjacent
to vertex vj and zeros elsewhere. The degree matrix D is the n× n matrix with
dij = deg(vi) and dij = 0 if i �= j. The Laplacian matrix is defined as the difference
of the adjacency matrix and the degree matrix, L = D− A. The spectrum of a graph
is the set of eigenvalues of the Laplacian matrix. The eigenvalues are related to the
density distribution of the edge set, and the pattern of a graph’s connectivity is closely
related to its spectrum. The second smallest eigenvalue, denoted by λ2 (often called
the Fiedler eigenvalue), is the bestmeasure of the graph’s connectivity among all of the
eigenvalues. Large values for λ2 correspond to vertices of high degree that are in close
proximitywhereas small values forλ2 correspond to amore equally dispersed edge set.
The Balaban index [31], sometimes called the distance sum connectivity index, is

considered to be a highly discriminating topological index. The Balaban index B(G)
of a graph G is defined as

B(G) = q

μ(G)+ 1
∑
edges

1√
sisj

,

where si is the sum of the distance of the ith vertex to the other vertices in the graph, q
is the number of edges, andμ is the minimum number of edges whose removal results
in an acyclic graph. The distance matrix T is the n× nmatrix with dij = dist(vi, vj).
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dij = dist(vi, vj). The distance matrix and B(G) forG in Figure 3.6 are given below.

T =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 2 1 2 3

2 0 1 2 3

1 1 0 1 2

2 2 1 0 1

3 3 2 1 0

⎤
⎥⎥⎥⎥⎥⎥⎦
,

B(G) = 4
(

1√
8 · 5 +

1√
8 · 5 +

1√
5 · 6 +

1√
6 · 9

)
.

The reverse Wiener index was introduced in 2000 [32]. Unlike the distance sums,
reverse Wiener indices increase from the periphery toward the center of the graph.
As we have seen, there are an enormous number of molecular descriptors utilized in
computational chemistry today.These descriptors are frequently used to buildwhat are
known as quantitative structure–activity relationships (QSAR). A brief introduction
of QSAR is given in the following section.

3.2.3 Quantitative Structure–Activity Relationships

The structure of a molecule facilitates the molecule’s properties and its related
activities. This is the premise of aQSAR study. QSAR is amethod for buildingmodels
that associate the structure of a molecule with the molecule’s corresponding biolog-
ical activity. QSAR was first developed by Hansch and Fujita in the early 1960s and
remains a key player in computational chemistry. The fundamental steps in QSAR are
molecular modeling, calculation of molecular descriptors, evaluation and reduction
of descriptor set, linear or nonlinear model design, and validation. Researchers at the
University of North Carolina at Chapel Hill recently extended the four steps to an
approach that employs various combinations of optimizationmethods and descriptory
types. Each descriptor type was used with every QSAR modeling technique, so in
total 16 combinations of techniques and descriptor types were considered [33].
A successful QSAR algorithm is predictive. That is, given a molecule and its struc-

ture, one can make a reasonable prediction of its biological activity. The ability to
predict a molecule’s biological activity by computational means has become more
important as an ever-increasing amount of biological information is beingmade avail-
able by new technologies. Annotated protein and nucleic databases and vast amounts
of chemical data from automated chemical synthesis and high throughput screening
require increasingly more sophisticated efforts.
QSAR modeling requires the selection of molecular descriptors that can then be

used for either a statistical model or a computational neural network model. Current
methods in QSAR development necessarily include feature selection. It is generally
accepted that after descriptors have been calculated, this set must be reduced to a set
of descriptors that measure the desired structural characteristics. This is obvious, but
not always as straightforward as one would hope since the interpretation of a large
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number of descriptors is not always easy. Since many descriptors may be redundant
in the information that they contain, principal component analysis has been the
standard tool for descriptor reduction, often reducing the set of calculated invariants.
This is accomplished by a vector space description analysis that looks for descriptors
that are orthogonal to one another where descriptors that contain essentially the same
information are linearly dependent. For example, a QSAR algorithm was developed
by Viswanadahn et al. in which a set of 90 graph theoretic and information descriptors
representing various structural/topological characteristics of these molecules were
calculated. Principal component analysis was used to compress these 90 into the
8 best orthogonal composite descriptors [34]. Often molecular descriptors do not
contain molecular information that is relevant to the particular study, which is another
drawback one faces in selecting descriptors for a QSAR model. Due to the enormous
number of descriptors available, coupled with the lack of interpretation one has
for the molecular characteristics they exhibit, very little selection of descriptors
is made a priori. Randic and Zupan reexamined the structural interpretation of
several well-known indices and recommended partitioning indices into bond additive
terms [35]. Advances in neural network capabilities may allow for the intermediate
steps of molecular descriptor reduction and nonlinear modeling to be combined.
Consequently, neural network algorithms are discussed in greater detail in Section 3.4.
Applications of QSAR can be found in the design of chemical libraries, in

molecular similarity screening in chemical databases, and in virtual screening in
combinatorial libraries. Combinatorial chemistry is the science of synthesizing and
testing compound en masse and QSAR predictions have proven to be a valuable tool.
The QSAR and Modeling Society Web site is a good source for more information
on QSAR and its applications.

3.3 GRAPHS AS BIOMOLECULES

The Randic index is an example of a well-known and highly utilized topological
index in cheminformatics. In 2002, Randic and Basak used the term “biodescriptor”
when applying a QSAR model for a biomolecular study [36,37]. While graphs
have historically been used to model molecules in chemistry, they are beginning to
play a fundamental role in the quantification of biomolecules. A new technique for
describing the shape and property distribution of proteins, called PPEST (protein
property-encoded surface translator) has been developed to help elucidate the
mechanism behind protein interactions [38]. The utility of graphs as models of
proteins and nucleic acids is fertile ground for the discovery of new and innovative
methods for the numerical characterization of biomolecules.

3.3.1 Graphs as RNA

The information contained in DNAmust be accessed by the cell in order to be utilized.
This is accomplished by what is known as transcription, a process that copies the
information contained in a gene for synthesis of genetic products. This copy, RNA,
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is almost identical to the original DNA, but a letter substitution occurs as thymine
(T) is replaced by uracil (U). The other three bases A, C, and G are the same. Since
newly produced (synthesized) RNA is single stranded, it is flexible. This allows it to
bend back on itself to form weak bonds with another part of the same strand. The
initial string is known as the primary structure of RNA and the 2D representation in
Figure 3.7 is an example of secondary RNA structure.
While scientists originally believed that the sole function of RNA was to serve as

a messenger of DNA to encode proteins, it is now known that there are noncoding or
functional RNA sequences. In fact, the widespread conservation of secondary struc-
ture points to a very large number of functional RNAs in the human genome [39,40].
Many classes of RNA molecules are characterized by highly conserved secondary
structures that have very different primary structure (or primary sequence), which
implies that both sequential and structural information is required in order to expand
the current RNA databases [41]. RNA was once thought to be the least interesting
since it is merely a transcript of DNA. However, since it is now known that RNA is
involved in a large variety of processes, including gene regulation, the important task
of classifying RNA molecules remains far from complete. Graph theory is quickly
becoming one of the fundamental tools used in efforts to determine and identify RNA
molecules.
It is assumed that the natural tendency of the RNA molecule is to reach its most

energetically stable conformation and this is the premise behind many RNA folding
algorithms such as Zucker’s well-known folding algorithms [42].More recently, how-
ever, the minimum free energy assumption has been revisited and one potential new
player is graph theoretic modeling and biodescriptors. Secondary structure has been
represented by various forms in the literature and representations of RNA molecules
as graphs is not new. In the classic work of Waterman [43], secondary RNA structure
is defined as a graph where each vertex ai represents a nucleotide base. If ai pairs
with aj and ak is paired with al where i < k < j, then i < l < j.
More recently, secondary RNA structures have been represented by various mod-

eling methods as graph theoretic trees. RNA tree graphs were first developed by Le
et al. [44] and Benedetti and Morosetti [45] to determine structural similarities in
RNA.

FIGURE 3.7 Secondary RNA structure and its graph.



98 GRAPH THEORETIC MODELS IN CHEMISTRY AND MOLECULAR BIOLOGY

A modeling concept developed by Barash [46] and Heitsch et al. [47] who noted
that the essential arrangement of loops and stems in RNA secondary structure is cap-
tured by a tree if one excludes the pseudoknots. A pseudoknot can be conceptualized
as switchbacks in the folding of secondary structure. With the exclusion of pseudo-
knots, the geometric skeleton of secondary RNA structure is easily visualized as a tree
as in Figure 3.7. Unlike the classic model developed by Waterman et al. where atoms
are represented by vertices and bonds between the atoms by edges in the graph,
this model represents stems as edges and breaks in the stems that result in bulges
and loops as vertices. A nucleotide bulge, hairpin loop, or internal loop are each
represented by a vertex when there is more than one unmatched nucleotide or non-
complementary base pair.
Researchers at New York University in the Computational Biology Group led by

Tamar Schlick used this method to create an RNA topology database called RAG
(RNA As Graphs) that is published and available at BMC Bioinformatics and Bioin-
formatics [48,49]. The RNA motifs in RAG are cataloged by their vertex number
and Fiedler eigenvalues. This graph theoretic representation provides an alternative
approach for classifying all possible RNA structures based on their topological
properties. In this work, Schlick et al. find that existing RNA classes represent only
a small subset of possible 2D RNA motifs [50,51]. This indicates that there may be a
number of additional naturally occuring secondary structures that have not yet been
identified. It also points to possible structures that may be utilized in the synthesis
of RNA in the laboratory for drug design purposes. The discovery of new RNA
structures and motifs is increasing the size of specialized RNA databases. However,
a comprehensive method for quantifying and cataloging novel RNAs remains absent.
The tree representation utilized by the RAG database provides a useful resource to
that end. Other good online resources in addition to the RAG database include the
University of Indiana RNA Web site, RNA World, and RNA Base [52].

3.3.2 Graphs as Proteins

Proteins are molecules that consist of amino acids. There are 20 different amino acids;
hence, one can think of a chain or sequence from an alphabet of size 20 as the primary
structure of a protein. Each amino acid consists of a central carbon atom, an amino
group, a carboxyl group, and a unique “side chain” attached to the central carbon.
Differences in the side chains distinguish different amino acids. As this string is being
produced (synthesized) in the cell, it folds back onto itself creating a 3D object. For
several decades or more, biologists have tried to discover how a completely unfolded
protein with millions of potential folding outcomes almost instantaneously finds the
correct 3D structure. This process is very complex and often occurs with the aid of
other proteins known as chaperones that guide the folding protein. The majority of
protein structure prediction algorithms are primarily based on dynamic simulations
and minimal energy requirements. More recently, it has been suggested that the high
mechanical strength of a protein fiber, for example, is due to the folded structural
linking rather than thermodynamic stability. This suggest the feasibility and validity
of a graph theoretic approach as a model for the molecule.
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The 3D structure of the protein is essential for it to carry out its specific function.
The 3D structure of a protein has commonly occurring substructures that are referred
to as secondary structures. The two most common are alpha helices and beta strands.
Bonds between beta strands form beta sheets. We can think of alpha helices and
beta sheets as building blocks of the 3D or tertiary structure. As in the case for the
secondary RNA trees, graph models can be designed for amino acids, secondary, and
tertiary protein structures. In addition to proteinmodeling, protein structure prediction
methods that employ graph theoretic modeling focus on predicting the general protein
topology rather than the 3D coordinates. When sequence similarity is poor, but the
essential topology is the same, these graph theoretic methods are more advantageous.
The idea of representing a protein structure as a graph is not new and there have

been a number of important results on protein structure problems obtained from
graphs. Graphs are used for identification of tertiary similarities between proteins by
Mitchell et al. [53] and Grindley et al [54]. Koch et al. apply graph theory to the
topology of structures in proteins to automate identification of certain motifs [55].
Graph spectral analysis has provided information on protein dynamics, protein motif
recognition, and fold. Identification of proteins with similar folds is accomplished
using the graph spectra in thework byPatra andVishveshwara [56].Clusters important
for function, structure, and folding were identified by cluster centers also using the
graph’s eigenvalues [57]. Fold and pattern identification information was gained by
identifying subgraph isomorphisms [58]. For additional information on these results,
see the work by Vishveshwara et al. [59]. It is worth noting that all of the above
methods relied heavily on spectral graph theory alone.
Some of the early work on amino acid structure by graph theoretic means was

accomplished in the QSAR arena. Use of crystal densities and specific rotations
of amino acids described by a set of molecular connectivity indices was utilized by
Pogliani in a QSAR study [60]. Pogliani also used linear combinations of connectivity
indices to model the water solubility and activity of amino acids [61]. Randic et al.
utilized a generalized topological index with a multivariate regression analysis QSAR
model to determine characteristics of the molar volumes of amino acids [62].
On a larger scale, a vertex can represent an entire amino acid and edges are present

if the amino acids are consecutive on the primary sequence or if they are within some
specified distance. The graph in the Figure 3.8 shows the modeling of an alpha helix
and a beta strand with a total of 24 amino acids.
By applying a frequent subgraph mining algorithm to graph representations of

a 3D protein structure, Huan et al. found recurring amino acid residue packing
patterns that are characteristic of protein structural families [63]. In their model,
vertices represent amino acids, and edges are chosen in one of three ways: first,
using a threshold for contact distance between residues; second, using Delaunay
tessellation; and third, using the recently developed almost-Delaunay edges. For
a set of graphs representing a protein family from the Structural Classification of
Proteins (SCOP) database [64], subgraph mining typically identifies several hundred
common subgraphs corresponding to the residue packing pattern. They demonstrate
that graphs based on almost-Delaunay edges significantly reduced the number of
edges in the graph representation and hence presented computational advantage.
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FIGURE 3.8 An alpha helix and a beta strand.

Researchers at the University of California at Berkley and at the Dana Farber
Cancer Institute atHarvardMedical School have used aberrationmultigraphs tomodel
chromosome aberrations [65]. A multigraph is a graph that allows multiple edges
between two vertices. Aberration multigraphs characterize and interrelate three basic
aberration elements: (1) the initial configuration of a chromosome; (2) the exchange
process whose cycle structure helps to describe aberration complexity; and (3) the
final configuration of rearranged chromosomes. An aberration multigraph refers
in principle to the actual biophysical process of aberration formation. We find that
graphical invariants provide information about the processes involved in chromosome
aberrations. High diameter for the multigraph corresponds to many different cycles in
the exchange process, linked by the fact that they have some chromosomes in common.
Girth 2 in a multigraph usually corresponds to a ring formation and girth 3 to inver-
sions. Aberration multigraphs are closely related to cubic multigraphs. An enormous
amount is known about cubic multigraphs, mainly because they are related to work on
the four-color theorem. Results on cubic multigraphs suggest a mathematical classifi-
cation of aberration multigraphs. The aberration multigraphmodels the entire process
of DNA damage, beginning with an undamaged chromosome and ending with a
damaged one.
A relation is symmetric if “a is related to b" implies “b is related to a." Clearly, not

all relations are symmetric. If a graph models a relation that is not symmetric, then
directions are assigned to the edges. Such graphs are known as digraphs and networks
are usually modeled by digraphs. Some network applications exist in chemical graph
theory [66]. Since a reaction network in chemistry is a generalization of a graph, the
decomposition of the associated graph reflects the submechanisms by closed directed
cycles. A reactionmechanism is direct if no distinct mechanisms for the same reaction
can be formed from a subset of the steps. Although the decomposition is not unique,
the set of all direct mechanisms for a reaction is a unique attribute of a directed graph.
Vingron and Waterman [67] utilized the techniques and concepts from electrical
networks to explore applications in molecular biology. A variety of novel modeling
methods that exploit various areas ofmathematical graph theory such as randomgraph
theory are emerging with exciting results. For more examples applications of graphs
in molecular biology, see the work by Boncher et al. [68].
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3.4 MACHINE LEARNING WITH GRAPHICAL INVARIANTS

Graphical invariants of graph theoretic models of chemical and biological structures
can sometimes be used as descriptors [23] in a fashion similar tomolecular descriptors
in QSPR and QSAR models. Over the past decade, the tools of choice for using
descriptors to predict such functional relationships have increasingly been artificial
neural networks (ANNs) or algorithms closely related to ANNs [69]. More recently,
however, support vector machines (SVMs) have begun to supplant the use of ANNs
in QSAR types of applications because of their ability to address issues such as
overfitting and hard margins (see, e.g., the works by Xao et al. [70] and Guler and
Kocer [71]).
Specifically, the possible properties or activities of a chemical or biological

structure define a finite number of specific classes. The ANNs and SVMs use descrip-
tors for a given structure to predict the class of the structure, so that properties and ac-
tivities are predicted via class membership. Algorithms that use descriptors to predict
properties and functions of structures are known as classifiers. Typically, a collection
of structures whose functional relationships have been classified a priori are used to
train the classifier so that the classifier can subsequently be used to predict the clas-
sification of a structure whose functional relationships have yet to be identified [72].

3.4.1 Mathematics of Classifiers

Before describing SVMs and ANNs more fully, let us establish a mathematical basis
for the study of classification problems. Because a descriptor such as a graphical
invariant is real valued, a number n of descriptors of a collection of biological struc-
tures form an n-tuple x = (x1, ..., xn) in n-dimensional real space. A classifier is a
method that partitions n-dimensional space so that each subset in the partition con-
tains points corresponding to only one class. Training corresponds to using a set of
n-tuples for structures with a priori classified functional relationships to approximate
such a partition. Classification corresponds to using the approximate partition tomake
predictions about a biological structure whose class is not known [72].
If there are only two classes, as was the case in thework byHaynes et al. [23] where

graph theoretic trees were classified as either RNA-like or not RNA-like, the goal is
to partition an n-dimensional space into two distinct subsets. If the two subsets can
be separated by a hyperplane, then the two classes are said to be linearly separable.
An algorithm that identifies a suitable separating hyperplane is known as a linear
classifier (Fig. 3.9).
In a linearly separable classification problem, there are constantsw1, ..., wn and b

such that

w1x1 + · · · + wnxn + b > 0

when (x1, ..., xn) is in one class and

w1x1 + · · · + wnxn + b < 0
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FIGURE 3.9 Linear separability.

when (x1, ..., xn) is in the other. Training reduces to choosing the constants so that the
distance between the hyperplane and the training data is maximized, and this maximal
distance is then known as the margin.
If there are more than two classes and the classes are not linearly separable, then

there are at least two different types of classifiers that can be used. An SVM supposes
that some mapping φ(x) from n-space into a larger dimensional vector space known
as a feature space will lead to linear separability in the larger dimensional space, at
which point an optimal hyperplane is computed in the feature space by maximizing
the distance between the hyperplane and the closest training patterns. The training
patterns that determine the hyperplane are known as support vectors.
If K(x,y) is a symmetric, positive definite function, then it can be shown that there

exists a feature space with an inner product for which

K (x, y) = φ (x) · φ (y) .

The function K(x,y) is known as the kernel of the transformation, and it follows that
the implementation of an SVM depends only on the choice of a kernel and does not
require the actual specification of the mapping or the feature space. Common kernels
include the following:

� Inner product: K (x, y) = x · y.
� Polynomial: K (x, y) = (x · y+ 1)N , where N is a positive integer.
� Radial: K (x, y) = e−a‖x−y‖2 .
� Neural: K (x, y) = tanh (ax · y+ b), where a and b are parameters.

Within the feature space, an SVM is analyzed as a linear classifier [73].
Several implementations of SVMs are readily available. For example, mySVM

and YALE, which can be found at http://www.support-vector-machines.org, can be
downloaded as windows executables or Java applications [74]. There are also several
books, tutorials, and code examples that describe in detail howSVMsare implemented
and trained [75].
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FIGURE 3.10 An artificial neuron.

ANNs are alternatives to SVMs that use networks of linear-like classifiers to predict
structure–function classifications. Specifically, let us suppose that the two classes of a
linear classifier can be associated with the numbers 1 and 0. If we also define a firing
function by

g (s) =
{
1 if s > 0,

0 if s < 0,
(3.1)

then the linear classifier can be interpreted to be a single artificial neuron, which is
shown in Figure 3.10. In this context, w1, ..., wn are known as synaptic weights and
b is known as a bias. The firing function is also known as the activation function, and
its output is known as the activation of the artificial neuron.
The terminology comes from the fact that artificial neurons began as a caricature

of real-world neurons, and indeed, real-world neurons are still used to guide the
development of ANNs [76]. The connections with neurobiology also suggest that the
activation function g(s) should be sigmoidal, which means that it is differentiable and
nondecreasing from 0 up to 1. A commonly used activation function is given by

g (s) = 1

1+ e−κs
, (3.2)

where κ > 0 is a parameter [77], which is related to the hyperbolic tangent via

g(s) = 1
2 tanh(κ s)+ 1

2 .

The choice of a smooth activation function allows two different approaches to
training—the synaptic weights can be estimated from a training set either using lin-
ear algebra and matrix arithmetic or via optimization with the synaptic weights as
dependent variables. The latter is the idea behind the backpropagationmethod, which
is discussed in more detail below.
A multilayer feedforward network (MLF) is a network of artificial neurons orga-

nized into layers as shown in Figure 3.11, where a layer is a collection of neurons
connected to all the neurons in the previous and next layers, but not to any neurons in
the layer itself. The first layer is known as the input layer, the last layer is known as
the output layer, and the intermediate layers are known as hidden layers. Figure 3.11
shows a typical three-layer MLF.
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FIGURE 3.11 A three-layer MLP.

In the prediction or feedforward stage, the descriptors x1, · · · , xn are presented to
the input layer neurons, and their activations are calculated as in Figure 3.10. Those
activations are multiplied by the synaptic weights wij between the ith input neuron
and the jth output neuron and used to calculate the activations of the hidden layer
neurons. Similarly, the synaptic weights αjk between the kth hidden neurons and the
jth output neurons are used to calculate the activations y1, · · · , yr from the output
neurons, which are also the predicted classification of the structure that generated the
initial descriptors.
If the classification q = (q1, . . . , qr) for an n-tuple of descriptors p =

(p1, . . . , pn) is known, then the pair (p, q) is known as a training pattern. Training a
three-layerMLF using a collection

(
p1, q1

)
, . . . ,

(
pt , qt

)
of training patternsmeans

using nonlinear optimization to estimate the synaptic weights. In addition, the synap-
tic weights can be used for feature selection, which is to say that a neural network
can be used to determine how significant a descriptor is to a classification problem
by examining how sensitive the training process is to the values of that descriptor.

3.4.2 Implementation and Training

Both general-purpose and informatics-targeted implementations of MLFs are readily
available. For example, the neural network toolbox for MatLab and the modeling kit
ADAPT allow the construction of MLFs and other types of neural networks [75,77].
There are also many variations on the MLF ANN structure and training methods,
including self-organizing feature maps (SOFM) [78,79] and Bayesian regularized
neural network [80]. In addition, several different implementations of neural networks
in programming code are also available.
However, it is important not to treat ANNs or SVMs as “canned” routines, because

they are similar to other nonlinear regression methods in that they can overfit the data
and they can be overtrained to the training set [69]. Overtraining corresponds to
the network’s “memorizing” of the training set, thus leading to poor predictions for
structures not in the training set. This issue is often addressed using cross-validation
or “leave-one-out” training methods in which a part of the training set is removed,
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the network is trained on the remaining training patterns, and then the classification
of the removed training patterns is predicted.
Overfitting is a more serious and less avoidable problem [81]. Typically, there

is small variation or “noise” in the descriptor values, so that if there are too many
parameters—for example, too many neurons in the hidden layer—then training may
lead to an “interpolation” of the slightly flawed training set at the expense of poor gen-
eralization of the training set. In both overfitting and overtraining, convergence of the
nonlinear optimization algorithm is common, but predictions are either meaningless
in the case of overfitting or too dependent on the choice of the training.
Because graphical invariants are often discrete valued and highly dependent on the

construction of the graphical model, overfitting and overtraining are important issues
that cannot be overlooked. For this reason, we conclude with a more mathematical
exploration of the ANN algorithm so that their training and predictive properties can
be better understood.
To begin with, suppose that y = (y1, ..., yn) denotes the output from a three-layer

MLF that has r input neurons connected tom hidden layer neurons that are connected
to n neurons in the output layer. It has been shown that with the appropriate selection
of synaptic weights, a three-layer MLF can approximate any absolutely integrable
mapping of the type

f (x1, . . . , xr) = (y1, . . . , yn)

to within any ε > 0 [82]. That is, a three-layer MLP can theoretically approximation
the solution to any classification problem to within any given degree of accuracy, thus
leading MLFs to be known as universal classifiers. However, in practice the number
of hidden layer neurons may necessarily be large, thus contradicting the desire to use
small hidden layers to better avoid overfitting and overtraining.
To gain further insights into the innerworkings of a three-layer MLF, let wk =

(wk1, . . . , wkr) denote the vector of weights between the input layer and the
kth-hidden neuron. It follows that yj = g

(
sj − bj

)
, where bj denotes the bias of

the jth output neuron, where

sj =
m∑
k=1

αjkg (wk(x− θk)),

and where θk denotes the bias for the kth hidden neuron. A common method for
estimating synaptic weights given a collection

(
p1, q1

)
, . . . ,

(
pt , qt

)
of training

patterns is to define an energy function

E = 1

2

t∑
i=1

(
y − qi

) (
y − qi

)
,
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FIGURE 3.12 The energy surface.

and then train the MLP until we have closely approximated

∂E

∂wkl

= 0 and
∂E

∂αjk
= 0

at the inputs pi for all l = 1, . . . , r, k = 1, . . . , m, and j = 1, . . . , n. Because
these equations cannot be solved directly, a gradient-following method called the
backpropagation algorithm is used instead.
The backpropagation algorithm is based on the fact that if g is the sigmoidal

function defined in equation (3.2), then

g′ = κg (1− g).

In particular, for each training pattern
(
pi, qi

)
, a three-layer MLP first calculates y

as the output to pi, which is the feedforward step. The weights αjk are subsequently
adjusted using

αjk → αjk + λδjξk,

where ξk = g (wk · x − θk) , where λ > 0 is a fixed parameter called the learning rate,
and where

δj = κyj
(
1− yj

) (
qij − yj

)
.

The weights wkr are adjusted using

wkl → wkl + λρk xl,

where xl = g
(
pi
l − θl

)
and where

ρk = κξk (1− ξk)
n∑

j=1
αjkδj.

Cybenko’s theorem implies that the energy E should eventually converge to 0, so
training continues until the energy is sufficiently small in magnitude.
However, it is possible that the energy for a given training set does not converge.

For example, it is possible for training to converge to a local minimum of the energy
function, as depicted in Figure 3.12. When this happens, the network can make errant
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predictions known as spurious states.To avoid such local minima, it may be necessary
to add small random inputs into each neuron so that training continues beyond any
local minima, or it may be necessary to use a process such as simulated annealing to
avoid such local minima [77].
Similarly, if the synaptic weights are not initialized to small random values, then

the network tends to overtrain immediately on the first training pattern presented to
it and thus may converge only very slowly. Overtraining can often be avoided by
calculating the energy on both the training set and a validation set at each iteration.
However, overfitting may not necessarily be revealed by the behavior of the energy
during training.
This is because the quantities that define the training process are

δj = κyj
(
1− yj

) (
qij − yj

)

and

ρk = κξk (1− ξk)
n∑

j=1
αjkδj,

both of which are arbitrarily close to 0 when δj is arbitrarily close to 0. In overfitting,
this means that once yj is sufficiently close to qij , the quantities ξk can vary greatly
without changing the convergence properties of the network. That is, convergence of
the output to the training set does not necessarily correspond to convergence of the
hidden layer to a definite state. Often this means that two different training sessions
with the same training set may lead to different values for the synaptic weights [69].
Careful design and deployment of the network can often avoid many of the issues

that may affect ANNs. Large hidden layers are typically not desirable, and often an
examination of the synaptic weights over several “test runs” will give some insight
into the arbitrariness of the dependent variables ξk for the hidden layer, thus indi-
cating when the hidden layer may possibly be too large. In addition, as the network
begins to converge, modifying the learning parameter λ as the network convergesmay
“bump” the network out of a local minimum without affecting overall convergence
and performance.

3.5 GRAPHICAL INVARIANTS AS PREDICTORS

We conclude with an example of the usefulness of graphical invariants as predictors
of biomolecular structures. The RAG database [48] contains all possible unlabeled
trees of orders 2 through 10. For the trees of orders 2 through 8, each tree is classified
as an RNA tree, an RNA-like tree or not RNA-like tree. For the trees of order 9 and 10,
those that represent a known secondary RNA structure are identified as an RNA tree,
but no trees are shown to be candidate structures, that is, RNA-like. In the works by
Haynes et al. [22,23], the tree modeling method is used to quantify secondary RNA
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structures with graphical parameters that are defined by variations of the domination
number of a graph.
Note that a single graphical invariant may not be sufficient to differentiate between

trees that are RNA-like and those that are not. For example, the domination number
for trees of order 7, 8, and 9 range from 1 to 4with no discernable relationship between
the value of the invariant and the classification of the tree. However, defining three
parameters in terms of graphical invariants does prove to be predictive.
Specifically, anMLPwith three input neurons, five hidden neurons, and two output

neurons is trained using values of the three parameters

P1 = γ + γt + γa

n
,

P2 = γL + γD

n
,

P3 = diam(L(T ))+ rad(L(T ))+ |B|
n

,

where γ is the domination number, γt is the total domination number, γa is the global
alliance number, γL is the locating domination number of the line graph, and γD
is the differentiating dominating number. For more on variations of the domination
numbers of graphs, see the work by Haynes et al. [25]. Additionally, diam(L(T )) is
the diameter of the line graph, rad(L(T )) is the radius of the line graph, |B| is the
number of blocks in the line graph of the tree, and n is the order of a tree. The use
of leave-one-out cross-validation during training addresses possible overfitting. We
also use the technique of predicting complements (also known as leave-v-out cross-
validation) with 6, 13, and 20 trees, respectively, in the complement. Table 3.1 shows
the average error and standard deviation in predicting either a “1” for a RNA tree or
a “0” for a tree that is not RNA-like.
The resulting MLP predicts whether trees of orders 7, 8, and 9 are RNA-like or

are not RNA-like. The results are shown in Table 3.2. For the trees of order 7 and 8,
the network predictions coincide with the RAG classification with the exception of 2
of the 34 trees. Also, the network was able to predict an additional 28 trees of order
9 as being RNA-like in structure. This information may assist in the development of
synthetic RNA molecules for drug design purposes [49].
The use of domination-based parameters as biomolecular descriptors supports

the concept of using graphical invariants that are normally utilized in fields such as
computer network design to quantify and identify biomolecules. By finding graphical
invariants of the trees of orders 7, 8, and using the four additional trees of order 9 in

TABLE 3.1 Accuracy Results for the RNA Classification

|Comp| = 6 |Comp| = 13 |Comp| = 20
Average error 0.084964905 0.161629391 0.305193489
Standard deviation 0.125919698 0.127051425 0.188008046
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TABLE 3.2 RNA Prediction Results

RAGa Classb Errorc RAG Class Error RAG Class Error

7.4 0 0.00947 9.9 0 0.0554 9.31 1 0.0247
7.5 1 0.0245 9.10 1 2.65E−06 9.32 0 1.99E−06
7.7 1 7.45E−05 9.12 1 5.28E−07 9.33 1 0.0462
7.8 1 1.64E−07 9.14 1 2.32E−07 9.34 1 0.00280
8.1 1 1.05E−06 9.15 0 1.82E−04 9.35 0 2.46E−06
8.2 1 1.24E−06 9.16 1 5.35E−04 9.36 0 7.41E−05
8.4 1 0.0138 9.17 1 6.24E−06 9.37 0 7.41E−05
8.6 1 0.0138 9.18 1 4.87E−07 9.38 1 4.86E−05
8.8 1 5.43E−05 9.19 1 6.06E−07 9.39 0 2.46E−06
8.12 1 3.59E−06 9.20 1 0.0247 9.40 0 4.79E−08
8.13 0 0.0157 9.21 1 6.38E−05 9.41 0 4.79E-08
8.16 1 8.81E−06 9.22 1 0.0247 9.42 1 2.51E−07
9.1 1 1.48E−07 9.23 0 7.41E−05 9.43 1 4.86E−05
9.2 1 0.0151 9.24 1 1.47E−05 9.44 1 0.0247
9.3 1 0.0121 9.25 0 3.85E−07 9.45 0 7.41E−05
9.4 1 4.05E−07 9.26 1 1.48E−04 9.46 0 4.79E−08
9.5 1 5.24E−05 9.28 0 7.41E−05 9.47 0 2.33E−08
9.7 1 6.38E−05 9.29 1 3.61E−07
9.8 1 6.38E−05 9.30 1 1.47E−05

a Labels from the RAG RNA database [48].
b Class = 1 if predicted to be an RNA tree; class = 0 if not RNA-like.
c Average deviation from predicted class.

the RAG database, Knisley et al. [23] utilize a neural network to identify novel RNA-
like structures from among the unclassified trees of order 9 and thereby illustrate
the potential for neural networks coupled with mathematical graphical invariants to
predict function and structure of biomolecules.
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