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Notes for the Mathematica Computer Algebra System 

 

GETTING STARTED WITH MATHEMATICA  

Using Mathematica with Linear Algebra and Its Applications  

To use Mathematica for your homework in this course, you will need additional Mathematica 
files which were created specifically for your text. At some schools, the campus-wide version of 
Mathematica already has these files available on some or all computers. Ask your instructor. If 
you have your own copy of Mathematica at home, you will need to download the additional 
Mathematica files off the Web. To do this, go to www.pearsonhighered.com/lay and follow the 
instructions there for downloading Mathematica files.  

Mathematica Notebooks  

The electronic data downloaded from the web correspond to selected exercises in Linear 
Algebra and Its Applications. These files are interactive documents called notebooks and each of 
these notebooks has a name of the form C(chapter#)S(section#).nb or C(chapter#)Ssuppl.nb.  
For example, the notebook C2S3.nb contains electronic data for selected exercises in Section 3 
of Chapter 2 and C2Ssuppl.nb contains electronic data corresponding to the Supplementary 
Exercises at the end of Chapter 2. There are other application notebooks available, but they will 
not be discussed in the Appendix. 

Each notebook is divided into a sequence of individual units called cells. In many cases, cells are 
grouped together into sections and subsections. Each cell has a corresponding cell bracket 
appearing in the right margin of the notebook. The first cell contains the title of the notebook. 
The second set of cells in the notebook consists of general instructions and the third set contains 
a summary of the commands to be used in the notebook with instructions for any new 
commands. The remaining cells in the notebook contain selected data for the homework 
exercises. Notice the double cell brackets for the sections; the bracket with the little triangle at 
the bottom indicates that there are more cells contained in those sections. To open all grouped 
cells in the notebook, highlight the outermost bracket on the right, then select the Cell menu 
item at the top, select Grouping and pick Open All Subgroups (Close All Subgroups if you wanted 
to close them). You could also open (or close) the sections of cells one at a time by double-
clicking on the bracket that has the small triangle at the bottom. 

Mathematica Representation of a Matrix  

Most of the data in the electronic notebooks for Linear Algebra and Its Applications consists of 
matrices. 
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The Mathematica representation of the matrix  

11 12 1

21 22 2

1 2

n

n

m m mn

a a a

a a a

a a a

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

 is  

{ {all, aI2, ... , aln }, {a21, a22,.··, a2n}, ... , {amI, am2, ... , amn } }.  

Each set of objects contained in curly brackets (braces) { ...} is called a list and therefore a matrix 
is just a list of lists. 

Using Notebook Data  

To illustrate how to work with the electronic data found in the notebooks, start the 
Mathematica program and then open the notebook C2S3.nb. After reviewing the Summary of 
Commands, open the section containing Exercise Data. Each exercise is in its own subsection. 
When you open the subsection for Exercise 1, you will see an input cell containing the matrix for 
Exercise 1. It contains two statements, where the Return key or Enter key on the QWERTY pad 
has been used at the end of the first line to enter a new line. 

A = {{5, 7} , {-3, -6}} 
A//MatrixForm 

The first statement assigns to A the matrix listed and the second will show you A in matrix form. 
Click anywhere inside the cell containing the assignment statement and then execute as follows: 

• If you are using a keyboard with a numerical keypad, you may simply press the Enter key 
on the numerical keypad. 

• The Enter or Return key on the QWERTY keyboard does not perform in the same 
manner. To execute a command with this Enter or Return key, you must press it 
together with the Ctrl key.  

When you do this, the labels ln[1]= will then appear at the start of the assignment statement. 
Also, output cells beginning with Out[1]= and Out[2]//MatrixForm= will appear displaying the 
matrix used in the assignment statement.  

In[1]=  A = {{5, 7} , {-3, -6}}  
  A//MatrixForm 

Out[1]= {{5, 7} , {-3, -6}} 

Out[2]//MatrixForm= 5 7

3 6

⎛ ⎞
⎜ ⎟− −⎝ ⎠

 

The In[ ] and Out[ ] appear automatically after you execute a command. Throughout these 
notes, dialogs with Mathematica are shown with the In[n]= and Out[n]= labels. The first input 
statement in each section of these notes will usually be In [1] = . 
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You will notice that the instructions from your text telling you what you are to do for each 
exercise are not repeated in the Mathematica notebooks. Only the data sets are in these 
Exercise cells. Typically you will only be working with a small number of exercises in a given 
notebook. You can work problems within a notebook in any order, skipping any homework data 
cells you want. If you wish to print the exercises you completed, hold down the Ctrl key and 
select all of the cells you want printed; then choose Print Selection from the File pull-down 
menu. Another way to print your results is to copy and paste your work into a Word or text 
document. Using the Copy As option under Edit pull-down menu allows you to copy your cell 
contents in many forms, including plain text and pictures. 

Creating Matrices with Mathematica  

When working with one of the notebooks, you may on occasion want to enter your own data 
into the notebook. For instance, to create your own matrix, you first need to form a new input 
cell. To do this, use your mouse and click between the two cells where you want to put your 
matrix and a new cell will appear as soon as you begin entering information.  Suppose you want 
to define A to be the matrix 

1 2 3 4

5 6 7 8

9 10 11 12

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

. 

One way to do this is to enter the following command in a new input cell:  

A = { { 1, 2, 3, 4 } , { 5, 6, 7, 8 } , { 9, 10, 11, 12 } }  

You must use the curly braces here to enclose the entire matrix and to enclose each row. Also, 
insert commas between entries and between rows.  

Another way to enter the matrix is to select Insert from the Menu at the top and choose 
Table/Matrix and New. Then indicate the number of rows and columns you want, in this case 3 
and 4, respectively. Then select OK and a 3 х 4 matrix with blank entries will appear:  

 

You may enter your numbers in the appropriate cells. However, even though you enter the 
matrix in this form, the default output will be  

{ { 1, 2, 3, 4 } , { 5, 6, 7, 8 } , { 9, 10, 11, 12 } } 

If you want to see the output of this matrix in matrix form, you can add a new line to your input 
by pressing the enter key on the QWERTY keyboard after assigning the matrix to the symbol A: 
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A = 

1 2 3 4

5 6 7 8

9 10 11 12

⎛ ⎞
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

; 

A//MatrixForm 

The semicolon after the matrix will suppress the output of A with the braces and the second 
command will output the matrix in matrix form. Notice that the command, MatrixForm has no 
spaces and the “M” and the “F” must be capitalized. It should be noted that you must not enter 
the //MatrixForm when assigning the matrix to the symbol A. This will cause an error in later 
computations with the matrix. The // is a postfix command that will be used with other 
Mathematica commands.  

The entry in the ith row and jth column of matrix A is accessed by entering A[[i, j]]. Note the use 
of the double square brackets. For example,  

In[3]= A[[ 2, 3]] 

outputs the entry in the 2nd row, 3rd column: 

Out[3]= 7  

Mathematica commands are reserved words that cannot be used in assignment statements. For 
example, if you execute the following input statement, it results in an error message stating that 
N is a protected symbol.  

     In[4]= N=
1 2

3 4

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

Set::wrsym: Symbol N is Protected. >> 

Out[4]=  {{1, 2}, {3, 4}} 

One way to avoid this problem is to use a lower case letter n instead of a capital N in the 
assignment statement. This is due to the fact that all Mathematica commands and functions 
begin with a capital letter and therefore a word beginning with a lower case letter will never 
result in a protected symbol error. Another way around this problem is to use an entire word 
(starting with a lower case letter) for the name of a matrix in an assignment statement. For 
example, we could let matN represent the matrix in the following assignment statement. Any 
such word created by the user may end with a digit (0-9), but cannot begin with a digit and no 
spaces can occur. 

      In[5]= matN=
1 2

3 4

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

Out[5]=  {{1, 2}, {3, 4}}
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It is not always necessary to assign a name to a matrix since Mathematica automatically 
attaches the name Out[n] to the matrix entered immediately after the In[n]= prompt. In the 
previous example if you executed the command Out[5]//MatrixForm, it would output 

 Out[6]//MatrixForm = 
1 2

3 4

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

Built-in Palettes in Mathematica   

On some homework exercises, you will find it useful to use one or more of the palettes that are 
built into Mathematica. One particularly useful one is the Basic Math Input palette which 
contains additional shortcuts for computing powers, square roots, entering 2 х 2 matrices and so 
forth. To open this palette, choose Palettes from the menu, and then select Other, followed by 
Basic Math Input. The Basic Math Input palette will appear on the right side of the screen. If it 
overlaps your notebook window, you can move your notebook window or the palette around 
and change the size of your window if necessary so that the palette and the notebook appear 
separately in two non-overlapping windows.  

Local and Online Help  

You may use the question mark (?) or double question mark (??) followed by a built-in command 
to obtain a precise definition of and information about a given Mathematica command. To 
access this help, you must first know the Mathematica command about which you have a 
question. However, a better way to seek help is to select Help from the menu at the top. Under 
the Help menu, you can choose many ways to receive help, including tutorials. One category 
under Help that you might want to explore is the Function Navigator. If you select this, the 
Function Navigator window with many menu items will pop up. If you want to learn about 
commands that are useful in linear algebra, select Mathematics and Algorithms and then select 
the subitem Matrices and Linear Algebra. We will be calling upon many of the built-in 
commands described in this section. 

STUDY GUIDE NOTES  

SECTION 1.1   Row Operations 

Since matrices in Mathematica are represented as lists of lists, one way that row operations can 
be done is to assign each row of a matrix a name.  For example, consider a matrix with three 
rows. 

In[1]= A = { { 1, 2, 3, 4 } , { 0, 0, 8, 5 } , { 2, 6, 0, 7 } }  
Or in matrix form 

A = 
1 2 3 4

0 0 8 5

2 6 0 7

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

. 
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We can define each row separately by using the double-bracket command that separates the 
parts of the matrix as follows: 
    In[2]=  v1 = A[[1]] 
     v2 = A[[2]] 
     v3 = A[[3]] 

This will assign v1 = {1, 2, 3, 4}, v2 = {0, 0, 8, 5}, and v3 = {2, 6, 0, 7}, so the matrix A is 
{v1, v2, v3}. 

    Out[2]=  {1, 2, 3, 4} 
    Out[3]=  {0, 0, 8, 5}, 
    Out[4]=  {2, 6, 0, 7}. 

We can redefine A to be the matrix with rows 2 and 3 reversed. To do this we could simply 
reassign the value of A to be this new matrix, but it is a good idea to un-assign it first using the 
Clear command. You will notice that every argument in Mathematica is enclosed in square 
brackets. 

    In[5]= Clear[A] 
A = {v1,v3,v2}   

     A//MatrixForm 

    Out[6]= { { 1, 2, 3, 4 } , {2, 6, 0, 7}, {0, 0, 8, 5} } 

     Out[7]//MatrixForm= 
1 2 3 4

2 6 0 7

0 0 8 5

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

 

If you want to now replace the new row 2 (named v3)  with “row2 – 2 row1”, you can do the 
following: 

    In[8]= Clear[A] 
A = {v1, v3-2 v1, v2} 

     A//MatrixForm 

    Out[9]= {{ 1, 2, 3, 4 }, {0, 2, -6, -1}, {0, 0, 8, 5}} 

    Out[10]//MatrixForm =  
1 2 3 4

0 2 6 1

0 0 8 5

⎛ ⎞
⎜ ⎟− −⎜ ⎟
⎜ ⎟
⎝ ⎠

 

 
Suppose we now divide row 2 by 2 and divide row 3 by 8. Copying and pasting the matrix A from 
the input above, we can edit A as follows: 
    In[11]= Clear[A] 
     A = {v1, (v3-2 v1)/2, v2/8}    
     A//MatrixForm
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    Out[12]=  {{1,2,3,4}, {0,1,-3,-1/2}, {0,0,1,5/8}} 

    Out[13]//MatrixForm= 
1 2 3 4

0 1 3 1/ 2

0 0 1 5 / 8

⎛ ⎞
⎜ ⎟− −⎜ ⎟
⎜ ⎟
⎝ ⎠

 

All of the above and more can also be accomplished by a single command, called RowReduce, 
which will be discussed later. 

Symbolic and Elementary Row Operations 

The operations performed above could also be performed on a matrix with variable or 

unspecified parameters such as  
5

   or  .
2

p a b

q c d

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 
Exact and Approximate Calculations  

Mathematica will perform exact calculations as long as all the numbers used in your work are 
integers or rational numbers not containing any decimal points. For example, 4/9 is an exact 
number, but 4.0/9 or 4/9. are approximate numbers which Mathematica assumes are only 
accurate to a fixed number of decimal places. If you perform a calculation involving both an 
approximate number and an exact number, then the result will be an approximate number. For 
example, Mathematica interprets the sum 2 + 1. to equal the approximate number 3. 
(containing a decimal point).  

At first it may seem that you would always want to perform exact calculations in order to obtain 
exact answers. But it takes Mathematica more computer time to perform exact calculations and 
when performing computations with large matrices, results may be slow in coming if you use 
exact numbers. In other instances, Mathematica will not be able to perform exact calculations. 
Therefore at times it will be necessary to enter approximate numbers to obtain approximate 
results. 

SECTION 1.3   Transpose 

The transpose of a given matrix A is a matrix whose ith column is the ith row of A. The command 
Transpose creates such a matrix from a given matrix. Notice the use of square brackets. For 
example, 
 

suppose 
1 3 5

A
7 0 8

=
−
⎛ ⎞
⎜ ⎟
⎝ ⎠

. Then executing Transpose[A] results in an output of 

1 7

3 0

5 8

−⎛ ⎞
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

. 
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Representation of a Vector 

A vector v which is represented as either (v1, v2, ... , vn ) or as 

1

2

n

v

v

v

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

 in the textbook, can either be 

represented by a list {v1, v2, ... , vn} or as the matrix {{vI}, {v2}, ... , {vn }} in Mathematica. We also 
refer to {v1, v2, ... , vn} as being in row form. Executing the command Transpose[ { v } ] turns v = 
{v1, v2, ... , vn} into {{vI}, {v2}, ... , {vn }}. 

Constructing a Matrix 

For matrix A and vector b, each with the same number of rows, The Append command in 
Mathematica will add the vector b onto the matrix A as an extra row . However, we want the 
vector b to be appended to the columns of A and we accomplish this by using the Transpose 
command twice as follow. We will Append the vector b to the Transpose of A. The final matrix 
we want will be the Transpose of that result. 

In[I]= A = {{a11, a12, a13}, {a21, a22, a23}};  
b={b1, b2} ;  
MatrixForm[augAb=Transpose[Append[Transpose[A],b]]] 

    Out[3]//MatrixForm= 
11 12 13 1

21 22 23 2

a a a b

a a a b

⎛ ⎞
⎜ ⎟
⎝ ⎠

. 

The semicolons suppress the first two outputs. 

In general, if we wish to extract the columns of a matrix for analyses as vectors, we apply the 
double bracket command to the transpose of the matrix. So, for example in the above matrix A, 
the command v1 = Transpose[A][[1]] would output the vector v1 as {a11, a21}, the first column 

of the matrix A. If you ask for this in matrix form, it would be 
11

21

a

a

⎛ ⎞
⎜ ⎟
⎝ ⎠

. 

SECTION 1.4    Solving the Matrix Equation Ax = b 

To solve Ax = b, row reduce the matrix M = [A b]. This can be done using the elementary row 
operations discussed in Section 1.1. However, Mathematica has a command that will do these 
steps correctly and in the most efficient manner. The command is RowReduce. Consider 
Exercise 12 in Section 1.4: 

    In[1]= A = {{1, 2, -1}, {-3, -4, 2},{5, 2, 3}}; 
     b = {1, 2, -3}; 

augAb=Transpose[Append[Transpose[A],b]]; 
     augAb//MatrixForm
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     rrAb=RowReduce[augAb]; 
     rrAb//MatrixForm 

    Out[4]//MatrixForm= 

1 2 1 1

3 4 2 2

5 2 3 3

−

− −

−

⎛ ⎞
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

 

    Out[6]//MatrixForm= 

1 0 0 4

0 1 0 4

0 0 1 3

−⎛ ⎞
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

 

We have used semicolons on all commands except those that display the augmented matrix and 
the row reduced form of the augmented matrix in matrix form. Notice that you can read the 
solution to the system of equations from the last matrix: x1 = -4, x2 = 4, and x3 = 3. 

Suppose that the vector b had consisted of variable expressions as in Example 3 in Section 1.4: 

    In[1]= A = {{1, 2, -1}, {-3, -4, 2},{5, 2, 3}}; 
     b = {b1,b2, b3}; 

augAb=Transpose[Append[Transpose[A],b]]; 
     augAb//MatrixForm 
     rrAb=RowReduce[augAb]; 
     rrAb//MatrixForm 

    Out[4]//MatrixForm= 

1 2 1 1

3 4 2 2

5 2 3 3

b

b

b

−

− −
⎛ ⎞
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

 

    Out[6]//MatrixForm= 1
8

1
4

1 0 0 2 1 2

0 1 0 (19 1 8 2 3)

0 0 1 (7 1 4 2 3)

b b

b b b

b b b

− −

+ +

+ +

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

  

Multiplying a Matrix and a Vector 

A period (.) is used to multiply a matrix and a vector. Consider the following example. 

    In[1]= M = {{0, 1, 2, 3}, {5, 5, 8, 7}}; 
     v = {-1, 6, 0, 10} 
     M.v 
     M.v//MatrixForm 

    Out[3]= {36, 95} 
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    Out[4]//MatrixForm= 
36

95

⎛ ⎞
⎜ ⎟
⎝ ⎠

.  

 

SECTION 1.5    The Zero Matrix 

The command ConstantArray[c, {m, n}] creates an m x n matrix of c’s. Therefore, for the zero 
vector of length 3, use the command ConstantArray[0,3]. The following example demonstrates 
how to set up and RowReduce an augmented matrix M corresponding to Ax = 0. 

In[1]= A = {{1, 2}, {3, 4}}; 
  b = ConstantArray[0,2]; 

augAb=Transpose[Append[Transpose[A],b]]; 
  augAb//MatrixForm 
  rrAb=RowReduce[augAb]; 
  rrAb//MatrixForm 

Out[4]//MatrixForm= 
1 2 0

3 4 0

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

Out[6]//MatrixForm= 
1 0 0

0 1 0

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

 
SECTION 1.6   Rational Format 
Chemical equation-balance problems are studied best using exact or symbolic arithmetic, 
because the balance variables must be whole numbers (with no round-off allowed). 
Mathematica will display the exact (rational) value of every entry during row reduction as long 
as each number you enter is an integer or rational number not containing a decimal point (.).  
Once you find a rational solution of a chemical equation-balance problem, you can multiply the 
entries in the solution by a suitable integer to produce a solution that involves only whole 
numbers. 

SECTION 1.10   Generating a Sequence 

Recall that we can identify a geometric point (a, b) with the column vector 
a

b

⎛ ⎞
⎜ ⎟
⎝ ⎠

. With 

Mathematica, the ordered pair (a, b) is represented by {a, b}. The data for Exercise 13, Section 
1.10, is used here to demonstrate how to generate a sequence. Open CISlO.nb and then open 
the cell corresponding to Exercise 13. Execute the input cell.  
  In[l]=  M = {{.95, .03 }, {.05, .97}};  
     xO = {600000, 400000};  
     yO = {350000, 650000}; 



 2.1  Matrix Operations   MM-11 
 

 Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley 

Suppose you want to create the first 20 terms of the sequence {Xl, X2, X3, ...} using the linear 
difference equation Xk+l = M Xk for k = 0, 1, 2, ..., where X0 = xO. You can do this by first creating a 
function x satisfying x[k] = Xk for k = 0, 1, 2, .... When defining a new function with Mathematica, 
it is good practice to first clear out previously defined values of the function using the Clear 
command as demonstrated below. Next, the assignment statement x[O]:=xO defines the value 
of x[0] to be xO and then x[1], x[2], x[3], ... are recursively defined by letting x[k_]:=M.x[k-1]. The 
underscore immediately following k on the left hand side of the assignment statement is 
necessary in order to define k to be a variable and the colon-equals sign(:=), which is called a 
delayed equals sign, must be used instead of an equals sign ( = ), when defining a function 
recursively. The use of the colon before the = also suppresses output. 
  In[4]= Clear[ x] 
   x[0] := xO 
   x[k_] := M.x[ k-1] 
Now that the function x is defined, the value of Xn is retrieved by executing x[n] for a numerical 
value n.  
  In[7]= x[100 ]  

  Out[7]={ 375054., 624946.}  
The value of XlOO is displayed in row form.  Notice that Mathematica displays 6 significant digits 
for each entry in Out[7]. To see 20 digits of precision, replace x[100] with N[x[100], 20]. 
Executing the Table command generates and displays the values of xl1], x[2], ... , x[n] in a table 
where x[k] is displayed as the kth ordered pair of the table. For the first 5 pairs of outputs, we do 
the following, expressing the result in both the original form and TableForm.  

  In[8]= Table[ x[k],{ k, 1, 20 }] 
  In[9]= Table[ x[k],{ k, 1, 20 } ]//TableForm  

 
 Out[8]={{582000.,418000.},{565440.,434560.},{550205.,449795.}, 
   {536188.,463812.},{523293.,476707.}} 
  Out[9]=  582000. 418000 
    565440. 434560. 
    550205. 449795. 
    536188. 463812.  
    523293. 476707  

Note that Mathematica notation for evaluating the function x at k is x[k] where square brackets 
[...] are used instead of the more natural notation of x(k) that is typically seen in mathematics. 
Be sure to use square brackets because Mathematica uses round brackets to group terms, but 
not in defining or using functions.  

SECTION 2.1    Matrix Operations 

Matrix addition and subtraction are performed using the plus (+) and minus (-) signs, 
respectively. Matrix multiplication is performed using a period (.). To compute Ak for an n x n 
matrix A, as defined at the end of Section 2.1 in the textbook, execute the command 
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MatrixPower[A, k]. Computing Ak returns a matrix whose entries are the kth powers of the 
corresponding entries in A. Remember that matrix addition and subtraction are defined only for 
matrices of the same size, and matrix multiplication for two matrices, A and B, is defined only if 
the number of columns of A is the same as the number of rows of B. You will get an error 
message in Mathematica if you try to do operations that are not valid. 

Multiplying a scalar c and matrix A is performed by entering c A, leaving a space between the c 
and the A. This product can also be produced using an asterisk (*) or parenthesis by executing c 
* A, c(A) or (c)A. To compute ATF, enter Transpose[A].F .  For vector multiplication, if u and v are 
vectors in row form and have the same size, then u.v represents their inner product, and the 
outer product u·vT is computed with Transpose[{ u }].{ v } . This last input looks reversed, but it 
will yield the correct outer product. 

Special Matrices 

Mathematica has commands that construct many special matrices. For example,  

     ConstantArray[c, {5,6}]       yields a  5 x 6  with constant entries, c, as mentioned earlier 
     ldentityMatrix[6]        yields the 6 x 6 identity matrix  
     DiagonaIMatrix[{3, 5, 7, 3}]       yields a 4 x 4 matrix with diagonal entries 3, 5, 7, 3 and 0 
elsewhere 
     RandomInteger[{-10,90},{5,6}]  yields a 5 x 6 matrix with random integer entries between -10 
and 90. 

To learn more about any built-in command, type?? followed by the command name or look for 
it in the Help menu under Function Navigator. 

SECTION 2.2    IdentityMatrix 

As mentioned above, the n x n identity matrix is denoted by IdentityMatrix[n]. If we consider a 3 
x 3 matrix A augmented by the identity matrix of the same size, we use the Transpose command 
twice as we did before, coupled this time with the Join command instead of the Append 
command. 

    In[1] =  A = {{1, 2, -1}, {-3, -4, 2},{5, 2, 3}}; 
M=Transpose[Join[ Transpose[A], IdentityMatrix[3 ]]] 

     M//MatrixForm 
     RowReduce[M]//MatrixForm 

    Out[3]//MatrixForm= 

1 2 1 1 0 0

3 4 2 0 1 0

5 2 3 0 0 1

−

− −
⎛ ⎞
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠
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    Out[4]//MatrixForm= 19 1
8 8

7 1
4 4

1 0 0 2 1 0

0 1 0 1

0 0 1 1

− −⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

 

The 3 x 3 array on the right of the last matrix represents the inverse of the matrix A and this will 
be discussed more in the next section on the inverse of a matrix. 

 

SECTION 2.3    Inverse 

Determining whether a matrix is invertible is not always a simple matter. A fast and fairly 
reliable method is to use the Inverse[A] command which computes the inverse of A, if it exists. 
If all the entries in A are in exact form (i.e., none of the entries in A contain decimal points) and 
if A is singular (noninvertible), then a message is displayed stating that A is singular. If at least 
one of the entries in A contains a decimal point, a warning message is given if A is singular or 
nearly singular. In the latter case, Mathematica might not be able to find the inverse. But if you 
first replace each entry in A with its exact, rational equivalent, then the inverse is computed and 
displayed, even if it is nearly singular.  

For large matrices, computing the inverse of A with Mathematica can be slow if all the entries in 
A are exact, rational numbers. If you have already created a matrix A whose entries are exact 
integers or exact rational numbers, then the assignment statement A=N[A] or A=A//N will 
convert all entries in A to approximate real numbers. Mathematica will then be able to compute 
the approximate value the inverse of A more quickly.  

For Exercises 41-44, the command SingularValueList computes the singular values (discussed in 
Section 7.4) of a matrix and the condition number of a square matrix A, is the ratio of the largest 
singular value to the smallest singular value. All the entries in A must be approximate real 
numbers containing a decimal point. Notice the use of the command //N here to generate 
approximate numerical output. Since the singular values are listed in order from largest to 
smallest, the double bracket command in the third input row will compute the condition 
number which equals the largest singular value divided by (/) the smallest singular value. The “-
1”designation calls on the last element in the sv list. 

In[1]= A={{4,0,-3,-7},{-6,9,9,9},{7,-5,10,19},{-1,2,4,-1}};  
sv=SingularValueList[A]//N  

     sv[[1]]/sv[[-1]] 

    Out[2]=  {25.9609,14.4566,4.66997,2.2868} 
    Out[3]=   11.3525 

To perform the experiment described in Exercise 42, be sure the A contains approximate real 
numbers and then execute the following Mathematica instructions. RandomInteger[{-10,10}, 4] 
generates a 4- dimensional vector with integer entries between -10 and 10.  
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In[4]= A={{4,0,-3,-7},{-6,9,9,9},{7,-5,10,19},{-1,2,4,-1}}//N;  
x= RandomInteger[{-10,10},4}];  
b= A.x;  
xl= lnverse[A].b;  
x - xl  

    Out[5]= {0.,0.,-3.55271*10-15,0.} 

Since A consists of approximate real numbers, the remaining computations will also result in ap-
proximate numbers since computations involving exact and approximate numbers always result 
in approximate numbers. Displaying the value of x - xl is the best way to compare x and xl. You 
can execute the assignment statement again to repeat the experiment and your answers will 
vary. 

Exercises 44 and 45 refer to the Hilbert matrix, which is built into Mathematica. The command 
HilbertMatrix[5] yields the matrix in Exercise 44. 
 

SECTION 2.4    Partitioned Matrices 

The command A[[{i1, i2, ... , ir }, {jl, j2, ... , js}]] creates an r x s submatrix of A whose entries 
consist of the numbers contained in rows i1, i2, ... , ir and in columns j1, j2,…, js.  Applied to the 
matrix  

A={{4,0,-3,-7},{-6,9,9,9},{7,-5,10,19},{-1,2,4,-1}}, 
the command A[[{2,3},{1,2}]] would output the matrix {{-6, 9}, {7, -5}}, the entries in the 2nd and 
3rd rows and 1st and 2nd columns. 

The Append command creates partitioned matrices. For instance, if B, D, F, G, H, and J are 
matrices having appropriate sizes, the command Append[{{B, D, F}}, {G, H, J}}] creates 

the matrix 
B D F

G H J

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

 

SECTION 2.5    LU Factorization 

Mathematica contains the command LUDecomposition that produces a permuted LU 
factorization of any square matrix A. LUDecomposition returns a list of three elements. The first 
element is a combination of upper and lower triangular matrices, the second element is a vector 
specifying rows used for pivoting (a permutation vector which is equivalent to the permutation 
matrix), and the third element is an estimate of the condition number. Since the output for this 
command is somewhat complicated, Example 1 from Section 2.5 will serve as a demonstration 
of how to interpret and work with the output of this function. We will be interested in the 
matrix in the first part of the output and will want to look at it in MatrixForm. The command “lu 
= %[[1]]” assigns lu to the first part of the most recent output, called on using the percent 
symbol. 

 In[1]= mat={{3,-7,-2,2},{-3,5,1,0},{6,-4,0,-5},{-9,5,-5,12}}; 
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LUDecomposition[mat] 
MatrixForm[lu = %[[1]]

 

 Out[2]=  {{{3,-7,-2,2},{-1,-2,-1,2},{2,-5,-1,1},{-3,8,3,-1}}, {1,2,3,4}, 1} 

 Out[3]//MatrixForm= 

3 7 2 2

1 2 1 2

2 5 1 1

3 8 3 1

− −

− − −

− −

− −

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

 

Looking at the lower and upper triangular matrices shown in Example 1, you can see both 

matrices built into this output matrix, lu = 
-1

2 -5

-3 8 3

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

3 -7 -2 2

-2 -1 2

-1 1

-1

. The nonzero elements of the 

upper triangular matrix are displayed in bold; the nonzero and non-diagonal elements of the 
lower triangular matrix are displayed in italics. The diagonal elements of the lower triangular 
matrix will be 1’s, so the lower and upper can be defined readily. There are different ways within 
Mathematica to reconstruct the lower and upper triangular matrices from lu, but we will do it 
by copying and pasting the lu matrix into our input commands and making appropriate 
alterations. After defining lower and upper, the last command validates that the original matrix 
is the product of lower and upper. 

If lower= 

1 0 0 0

1 1 0 0

2 5 1 0

3 8 3 1

−

−

−

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

 and upper= 

3 7 2 2

0 2 1 2

0 0 1 1

0 0 0 1

− −

− −

−

−

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

, 

then lower.upper= 

3 7 2 2

3 5 1 0

6 4 0 5

9 5 5 12

− −

−

− −

− −

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

 

If you called on the LinearSolve[A,b] command in Mathematica to solve Ax = b, this command 
uses the LU decomposition techniques internally and ALS = LinearSolve[A] outputs the 
LinearSolveFunction which becomes useful when you need to solve Ax = b repeatedly with a 
different b each time. Having named the function ALS, inputting ALS[b] for any vector b of the 
proper dimension, outputs the solution to the system. For details, consult the Mathematica 
documentation. The alternative command x = Inverse[A].b  works, but is less efficient and can 
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be less accurate. 

SECTION 2.6 Solving the Matrix Equation x = Ax + d    

To form the matrix (1 – A)-1 needed to solve x = Ax + d, after defining an n х n matrix A, we 
execute the command coeff=Inverse[IdentityMatrix[n] – A]. To solve for x, multiply this by the 
vector d. 

SECTION 2.8    MatrixRank, and NullSpace 

As we have seen, the command RowReduce[A] produces the reduced row echelon form of A. 
From this matrix, a basis for the column space of A is obtained. If the entries of A are all exact, 
rational numbers, RowReduce[A] reveals the rank of A, since Mathematica performs exact 
arithmetic in finding the reduced row echelon form of A.  If at least one of the entries of A 
contains a decimal point, then roundoff error or an extremely small pivot entry can produce an 
incorrect echelon form.  

Mathematica also contains the command MatrixRank for determining the rank of a matrix, and 
the command NullSpace for determining a list of vectors that form a basis for the null space of a 
matrix. Consider the following example using the matrix in Exercise 11 from Section 2.8. 

In[1]= A = {{3,2,1,-5},{-9,-4,1,7},{9,2,-5,1}}; 
     MatrixForm [RowReduce[A]] 
     MatrixRank[A] 
     NullSpace[A] 

    Out[2]//MatrixForm=  

1 0 1 1

0 1 2 4

0 0 0 0

−

−
⎛ ⎞
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

   

    Out[3]=    2 
    Out[4]=   {{-1, 4, 0, 1}, {1, -2, 1, 0}} 

 

SECTION 3.1    Computing Determinants 

For evaluation of the determinant of a matrix A, you can use the Mathematica command 
Det[A], but you can  also explore the process of expansion by minors by first defining an n х n 
matrix A and then using the Mathematica commands Minors[A, n-1, Identity] and  Minors[A]. 
Consider the matrix in Exercise 4 from Section 3.1. To use a blank matrix for input, select the 
menu item Insert and choose the Table/Matrix-New option. 
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    In[1]= A = 

1 3 5

2 1 1

3 4 2

⎛ ⎞
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

; 

     Minors[A,  2, Identity]//MatrixForm 
     MatrixForm[mA = Minors[A]]  

 Out[2]//MatrixForm=  

1 3 1 5 3 5

2 1 2 1 1 1

1 3 1 5 3 5

3 4 3 2 4 2

2 1 2 1 1 1

3 4 3 2 4 2

⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎜ ⎟
⎜ ⎟⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎜ ⎟
⎜ ⎟⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

 

 Out[3]//MatrixForm=  

5 9 2

5 13 14

5 1 2

− − −

− − −

−

⎛ ⎞
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

 

If you look back at the matrix A, you will see that the 2 х 2 submatrix in Out[2] whose 
determinant is used to compute the cofactor for the element in the first row, first column of A is 
in the bottom right-hand corner of the matrix in Out[2]. In fact, the three submatrices in the 
bottom row of the matrix in Out[2] correspond, in reverse order, to the matrices whose 
determinants are used to compute the cofactors for the terms in the first row of A. The values of 
the determinants of the submatrices are given in the matrix in Out[3]. We will use these ideas to 
compute the determinant of A using cofactors and verify our answer with the Det[A] command. 
To extract the proper elements from A and mA, we will use the double brackets and use spaces 
for products of terms from A and their corresponding cofactors. Also note the negative in our 
middle term, since the cofactor for the second term in the first row is negative. 

In[4]= A[[1,1]] mA[[3,3]] - A[[1,2]] mA[[3,2]] + A[[1,3]] mA[[3,1]] 
Det[A] 

Out[4]= 20 
Out[5]= 20 

Mathematica also has a Cofactor command, but this command is within a package and not part 
of the standard kernel. To use the Cofactor command, you need to first load the 
Combininatorica Pacakge. We do this with the next command; you may ignore the error 
message you get when this package is loaded. 

    Needs["Combinatorica`"] 

Now you can use the Cofactor command to determine the cofactor of any element or the 
cofactor matrix. The input below assumes that A is an n х n matrix. If you want to compute the 
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determinant of A by the cofactor expansion around the third column of A, you can use the Sum 
command and use the double brackets to call upon the [[i, j]] entries of both the original matrix 
and the cofactor matrix. Here, j = 3, since we want the expansion around the third column, and 
we let i go from 1 to n.   

Sum[A[[i,3]] Cofactor[A][[i,3]],{i,1,n}] 

SECTION 3.3    The Adjugate Matrix 

Referring to the Cofactor command discussed under Section 3.1, we can use this command to 
create a matrix of cofactors, which is referred to as the adjugate matrix associated with a matrix 
A. We would first load the Combininatorica Pacakge, Needs["Combinatorica`"], and then 
proceed as in the following example using Exercise 14 from Section 3.3 

A = {{3,6,7},{0,2,1},{2,3,4}} 
MatrixForm[adjA=Table[Cofactor[A,{i,j}],{i,1,3},{j,1,3}]] 

Using the adjugate matrix formed, we can determine the inverse of A 

MatrixForm[1/Det[A] Transpose[adjA]] 

SECTION 4.1    Graphing Functions 

You can use the following commands to define and plot the function f given in Exercise 37. Be 
sure to use the underscore after your variable on the left side of the equation when defining a 
function. The cosine function, denoted Cos[ ] is a built-in function in Mathematica as is the sine 
function, denoted by Sin[ ]. Notice that the squared sign comes after the function’s argument. 
To insert a superscript, either select the  from the Basic Math Input Palette or use the ^ key 
before the superscript. When plotting a function, you must always include the independent 
variable and domain over which you want the function plotted in curly braces after the function 
and comma. For the symbol π , you can either select the π symbol from the Basic Math Input 
Palette or type Pi. 

In[I]= f[t_]:= 1- 8 Cos[t]2 + 8 Cos[t]4 
Plot[f[t), {t, 0, 2π} ] 

SECTION 4.2    Null Space and Column Space 

Recall from Section 2.8 the Mathematica command NullSpace[A] that ouputs a list of vectors 
forming a basis for the null space of A. If A is in exact form, the product of A.NullSpace[A] will be 
a zero matrix. But if A contains decimals, the product will not yield a matrix with entries that are 
exactly zero. 

You can determine a set of vectors for a basis for the column space of A by 
RowReduce[Transpose[A]]. The nonzero rows of the result will form a basis for the column 
space of A. 
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SECTION 4.3 Using the Solve Command on Equations 

For Exercise 37 in Section 4.3, an assignment statement is used to define a vector function. Then 
we will use a Table command to generate a matrix of coefficients for the constants c1, c2, c3, 
and c4. In the first case, we will let t take on values from 0 to 2 (in jumps of 1, by default). We 
will then define our matrix equation to satisfy equation (5) and use the Solve command to 
compute values of the constants. 

In[1]= fns[t_]:={t, Sin[t], Cos[2t, Sin[t] Cos[t]} 
 fnt2 = Table[fns[t], {t, 0, 2}]; 
 eq2=fnt2.{c1,c2,c3,c4} == ConstantArray[0,3]//N; 

Solve[eq2, {c1,c2,c3,c4}] 

    Out[4]= {{c1→ 0.+0.945944 c4, c2 → 0.-1.66446 c4, c3 → 0.}} 

The above output shows that not all the constants have to be zero in order for equation (5) to 
be true. Note that two consecutive equal signs, == , represent an equal sign appearing in an 
equation. The first input of the Solve command indicates the equations to be solved and the 
second input specifies the variables for which to solve. We will now create a table with the 
function evaluated at four points (t = 0, 1, 2, 3) and see what happens. We also had to update 
our zero-vector to dimension 4. 

In[5]= fnt3 = Table[fns[t], {t, 0, 3}]; 
 eq3=fnt3.{c1, c2, c3, c4} == ConstantArray[0,4]//N; 

Solve[eq3, {c1, c2, c3, c4}] 

    Out[7]= {{c1 → 0.,c2 → 0.,c3 → 0.,c4 → 0.}} 

SECTION 4.4 LinearSolve 

The command LinearSolve[A, b], introduced in the discussion for Section 2.5, solves Ax = b 
where A is an m x n matrix. If Ax = b is inconsistent, then a message is returned stating that a 
solution does not exist. If more than one solution exists, one possible solution is returned. 
LinearSolve has additional capabilities that will be introduced later, after you have the 
appropriate background.  

SECTION 4.6 Rank and Random Matrices 

As was mentioned in the discussion for Section 2.8, Mathematica contains the MatrixRank[A] 
command. If the entries of A are in exact, rational form, RowReduce[A] also reveals the rank of 
A and the rank of its null space, since Mathematica performs exact arithmetic in finding the 
reduced row echelon form of A. If at least one of the entries of A contains a decimal point, then 
roundoff error or an extremely small pivot entry can produce an incorrect echelon form. The 
command NullSpace[A] outputs a list of vectors that form a basis for the null space of a matrix, 
thus demonstrating the dimension of the null space of A. 

The command Randomlnteger[ {a, b}, {m, n}] can be used to create an m x n matrix containing 
random integers between a and b. So, for example, Randomlnteger[ {-9, 9}, {3, 2} ] creates a 3 x 



MM-20   Notes for Mathematica 
 

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley 

2 matrix with random integers between -9 and 9.  

SECTION 4.7 Change-of-Coordinates Matrix 

The notebook C4S7.nb has data for Exercises 7-10 and 17-19. Given vectors cI, c2, b1, and b2 in 
R2, the command Mcb=Transpose[{c1,c2,b1,b2}] produces a 2 x 4 matrix whose columns are cI, 
c2, b1, and b2, respectively. The command RowReduce[Mcb] row reduces Mcb showing the 2 x 
2  identity matrix on the left and the transition matrix PC ←B on the right. Similarly, if 
Mbc=Transpose[{b1, b2, c1, c2}], then RowReduce[Mbc] displays the identity matrix on the left 
and the transition matrix PB ←C  on the right. 

SECTION 4.8 Solve 

In Exercises 7-16 and 25-28, the coefficients of the polynomial in the auxiliary equation are 
stored in row vector form, with coefficients in ascending order. For instance, the set of 
coefficients of the polynomial from Exercise 16 is represented by p = {-25, 0, 1}. We can create a 
vector containing powers of x of the same length, xv = {1, x, x2} and then use the Mathematica 
command Solve, which outputs the roots of the polynomial described by p. Note the use of the 
double equal sign in the equation and the variable after the comma specifying the variable for 
which we wish to solve. 

    In[1]= p = {-25, 0, 1}; 
     xv = {1, x, x2} ; 
     Solve[p.xv==0, x] 

    Out[3]= {{x → -5},{x → 5}} 

Another perspective would be to recreate the difference equation by forming a table with the 
solutions given and asking for a solution to the system of difference equations formed. Consider 
Exercise 8. 

    In[1]= fntab = Transpose[Table[{(-1)k, 2k, 3k}, {k, 0,3}]]; 
     fntab//MatrixForm 
     Solve[fntab.{c1,c2,c3,c4}=={0,0,0}, {c1,c2,c3,c4}] 

    Out[2]//MatrixForm= 

1 1 1 1

1 2 4 8

1 3 9 27

− −⎛ ⎞
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

 

    Out[3]= {{c2  → c1/6, c3 → -2 c1/3, c4 → c1/6}} 

Letting c1=6, the coefficient list is {6, 1, -4, 1}, which are the coefficients in the difference 
equation. 
 
SECTION  4.9 MatrixPower and Matrices with Randomly Generated Entries 

See the discussion presented in Section 1.10 for information on how to use Mathematica for 
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these exercises. For a matrix such as those in Exercise 21, you can use the MatrixPower 
command to arrive at an approximation to the steady-state vector. We look at the 100th power 
of Q below. Note that column entries of Q100 are very close in value. 

    In[1]= Q={{.97,.05,.10},{0,.90,.05},{.03,.05,.85}}; 
     MatrixPower[Q, 100] 

    Out[2]= {{0.735312,0.735215,0.735259}, 
       {0.0882205,0.0883003,0.0882644}, 

{0.176467,0.176485,0.176477}} 

In Exercise 22, you can use the Random[] command to generate random numbers between 0 
and 1 and call on this inside a Do loop. We begin with an empty matrix and we set n = 2 to 
generate 2 х 2 matrices, each of whose row entries sums to one (accomplished by dividing each 
row generated by the sum of its entries). The randomly generated Markov matrix will be the 
Transpose of the mm matrix. You may change the value of n to create a larger matrix. The Do 
loop has no output. 

In[1]= mm={ }; 
n=2; 
Do[{r=Table[Random[], {n}], rn=r/Sum[r[[i]], {i,1,n}], 
         mm=AppendTo[mm,rn]}, {n}] 
MatrixForm[mk=Transpose[mm]] 

    Out[3]//MatrixForm= 
0.517986 0.835665

0.482014 0.164335

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

Each time you execute this command, even with the same value of n, the results will differ. 

SECTION 5.1 Eigenvectors and Eigenvalues 

To compute eigenvalues, eigenvectors, or both together, Mathematica has three built-in 
commands, Eigenvalues, Eigenvectors, and Eigensystem. Consider the matrix from Exercise 37. 

    In[1]=  mat={{12, 1, 4}, {2, 11, 4}, {1, 3, 7}}; 
     vals=Eigenvalues[mat] 

    Out[2]= {15, 10, 5} 

Notice that the eigenvalues are listed in order from largest to smallest. 

    In[3]= vecs=Eigenvectors[mat] 

    Out[3]= {{2, 2, 1}, {-3, 2, 1}, {-1, -1, 2}} 

The first vector in the list is the eigenvector corresponding to the largest eigenvalue, the second 
corresponds to the second largest, etc. You can verify this by multiplying the matrix by each 
vector.  
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    In[4]= Eigensystem[mat]//MatrixForm 

    Out[4]//MatrixForm= 
15 10 5

{2, 2,1} { 3, 2,1] { 1, 1, 2}− − −
⎛ ⎞
⎜ ⎟
⎝ ⎠

 

The MatrixForm of this result enables us to see which eigenvalue is associated with which 
eigenvector.  

SECTION 5.2 The Characteristic Polynomial and Plot 

To obtain the characteristic polynomial of an n x n matrix A, execute Det[A - λ IdentityMatrix[n]], 
leaving a space between λ and IdentityMatrix[n] for scalar multiplication. You can use this to 
check your answers in Exercises 9-14. For example, if A is the 3 x 3 matrix in Exercise 13, we can 
do the following. 

In[1]= A = {{6,-2,0},{-2,9,0},{5,8,3}} 
cpoly = Det[A - λ IdentityMatrix[3]]  

    Out[2]= 150 - 95 λ +18 λ 2  - λ3 

We can plot this characteristic polynomial and also find its roots. 

    In[3]= Plot[cpoly, { λ, 0, 12}] 
     Solve[cpoly==0, λ] 

    Out[3]= 

      
    Out[4]= {{ λ → 3}, { λ → 5},  { λ →  10}} 

There is also a command in Mathematica called CharacteristicPolynomial and we can specify 
the independent variable (λ or x or…). For Exercise 30, the steps would be similar, except that 
there is a variable a in the matrix. When we ask for the characteristic polynomial, we will get a 
function of λ and a. 

    In[1]= A = {{ -6, 28, 21 }, {4, -15, -12 }, { -8, a, 25 }}; 
cpoly = CharacteristicPolynomial[A, λ]   

    Out[2]= -382 + 12 a + 379 λ -12 a λ + 4 λ2- λ3 

To plot this function, we will let a take on different values and create a set of functions we will 
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graph. The use of the command cpoly/.a→ takes the polynomial in Out[2] and evaluates it at 
the values of a specified. We could have used all five values specified in Exercise 30; then we 
would specify five colors or styles. Many color names and styles are built into Mathematica and 
there are other ways in which you may call on them. 

 
 
 

In[3]= clist=cpoly/.a → {31.8, 32, 32.2}; 
    Plot[clist, { λ, 0, 3}, PlotStyle → {Dashed, DotDashed, Black}] 

    Out[4]=  

     

You could also have created each plot separately, giving each a name such as p1, p2, p3 and 
then use the Show[p1, p2, p3] command to show them together.  

SECTION 5.3 Diagonalization and Eigensystem 

To practice the diagonalization procedure in this section, we will use the Eigensystem command 
to enable us to generate the matrices to diagonalize a matrix. See the Section 5.1 discussion. 
The matrix P will be the transpose of the set of eigenvectors; the eigenvalues are the elements 
in the diagonal matrix. 

   In[1]= A=

9 4 2 4

56 32 28 44

14 14 6 14

42 33 21 45

− − −

− −

− − −

− −

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

; 

 {evals, evecs} = Eigensystem[A]; 
 MatrixForm[P = Transpose[evecs]] 
 mD =DiagonalMatrix[evals] 
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Out[3]//MatrixForm= 

1 1 0 2

1 0 1 7

0 2 0 7

3 0 1 0

−

− −
⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

 

Out[4]//MatrixForm= {{-13,0,0,0},{0,-13,0,0},{0,0,12,0},{0,0,0,12}} 
 

You can verify your results by computing P.mD.Inverse[P]//Simplify. This product should equal 
the matrix A. The //Simplify command is sometimes needed to simplify the products. A warning 
message will occur if matrix P in not invertible. For large matrices, you may want to use 
decimals. 

SECTION 5.5 Complex Eigenvalues, Re and Im 

The letter I is a protected Mathematica symbol representing the imaginary number i. The 
matrix, A, in Exercise 1 is a 2 x 2 real matrix that contains complex eigenvalues, a ± i b and 
complex eigenvectors. To build a 2 x 2 real matrix P from the real and imaginary parts of these 
eignvalues (evals) and eigenvectors (evecs), we use the Mathematica expressions Re[evecs] and 
Im[evecs], respectively. The center matrix, termed mD here, will not be a diagonal matrix. Its 
entries on the main diagonal will be the real part (a) of the eigenvalues, while the entries on the 
other diagonal contain the imaginary parts (-b and +b) of the eigenvalues. In general, you can 
compute mD  as P-1AP.  

In[1]= A={{1,-2},{1,3}}; 
{evals,evecs}=Eigensystem[A] 
Re[evals] 
Im[evals] 
P=Transpose[{Re[evecs][[1]],Im[evecs][[2]]}] 
Inverse[P] 
mD=Inverse[P].A.P 

No output is shown here. You can verify your results by computing P.mD.Inverse[P]//Simplify. 

SECTION 5.6 Plotting Discrete Trajectories 

For a given 2 x 2 matrix A, if xk+1 = A xk then the following commands are used to create xk for k = 
1, 2, 3, .... As an example, the matrix A and initial vector xO defined are found in Example 6 in 
your textbook. Because of the way that x will be used, it is critical that we Clear any previous 
assignments for x. The purpose of the next set of commands is to define a function x where x[k] 
represents xk. We then use the Table command to define a list called pts representing x[0] 
through x[50]. Then the command ListPlot[pts] is used to plot the points in the xy-plane and the 
trajectory is assigned the name traj1. The optional PlotStyle command increases the size of the 
displayed points and the PlotRange→All command is used to ensure that the entire trajectory is 
displayed. 
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In[I]=Clear[x, A] 
A = {{.8, .5},{-.1, 1}}; 
xO={0, 2.5}; 
x[0] = xO; 
x[i_] := A.x[i -1] 
pts = Table[ x[i], { i, 0, 50 } ];  
trajl = ListPlot[ pts, PlotStyle → PointSize[.02] ,PlotRange → All]  

To create another trajectory, repeat the steps above with a new value of xO, replacing trajl with 
traj2 to represent the new trajectory. Repeating this process to obtain traj3, traj4, etc. you can 
use Show[trajl, traj2, traj3, traj4] to display all the trajectories on a single plot. You can alter the 
command PlotStyle → PointSize[.02] to PlotStyle → {Red, PointSize[.02]} to get red points. 
Other named colors can be used or the option RGBColor[a,b,c] can also be used, with a, b, and c 
numbers for red, green, and blue tones.  

For Exercise 17, create x[0] through x[8] representing xo, ... ,x8. Then x[0][[I]] through x[8][[1]] 
represent the number of juveniles in years 0 through 8, respectively, and x[0][[2]] through 
x[8][[2]] represent the number of adults in years 0 through 8, respectively. The following 
commands will produce a graph of the juvenile population.  

In[1]= Clear[x, A] 
A = {{0, 1.6},{.3, 1.}}; 
xO={15, 10}; 
x[0] = xO; 
x[i_] := A.x[i -1] 
juv = Table[ {i, x[i][[l]]}, { i, 0, 8 } ]; 
ListPlot[ juv, PlotStyle → PointSize[.02]]  

To graph the sum of the two entries in each of x[0] through x[8], execute the following two com-
mands.  

sum = Table[ {i, x[i][[l]]+x[i][[2]]}, { i, 0, 8 } ];  
ListPlot[ sum, PlotStyle → PointSize[.02]]  

To graph the ratio of juveniles to adults, execute the following, where / is the division key. 

ratio = Table[ {i, x[i][[I]]/ x[i][[2]] }, { i, 0, 8 } ];  
ListPlot[ratio, PlotStyle → PointSize[.02]]  

SECTION 5.7 Solutions to Differential Equations 

To find the eigenvalues and eigenvectors of A, use {evals, evecs} = Eigensystem[A]. If an 
eigenvalue is complex, the corresponding eigenvector will be complex. The real and imaginary 
parts of evecs are Re[evecs] and Im[evecs], respectively. Your eigenvectors will be in row form 
and they should be multiples of those in the text's answers (when the eigenspaces are one-
dimensional). To test whether a vector v is a multiple of a vector w, compute v/w. This divides 
each entry in v by the corresponding entry in w. If v is a multiple of w, the result of v/w should 
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be a vector whose entries are all equal. 

SECTION 5.8 The Power Method 

The commands Eigenvalues[A] or Eigensystem[A] in Mathematica output the numerical 
eigenvalues sorted in order of decreasing absolute value, so the first eigenvalue in the list will be 
the one with largest absolute value.  Also, the command Max[Abs[list]] would output the 
element in list with the largest absolute value. 

Below is an application of the power method algorithm to Example 2 from Section 5.8. The goal 
of this string of commands is to create a list called lis (List is a built-in Mathematica command) 
which contains the sequence of numbers and vectors converging to the dominant eigenvalue 
and its corresponding eigenvector. We can use the Do command as we did before. The value of 
y stores the current value of Axk, mu stores the current value of muk and then Append[lis, {mu, 
x}] adds the values of mu and x to lis. Finally x is overwritten with (1/mu) y, representing xk+l in 
the power method algorithm. This is repeated six times. After the Do loop, the lis statement 
causes the list to appear in an output statement. 

In[I]= Clear[A, x, y] 
A ={{6, 5},{1, 2}};  
lis = { };  
x = { 0., 1. };  
Do[ {y=A.x, mu=Max[Abs[y]], lis=Append[ lis, {mu, x } ],  

  x = (1/mu) y}, {6} ] 
lis  

    Out[6]= {{5.,{0.,1.}},{8.,{1.,0.4}},{7.125,{1.,0.225}},{7.01754, 
  {1.,0.203509}},{7.0025,{1.,0.2005}}} 

Notice that the last element of lis is very close to the largest eigenvalue of A, 7,  with 
eigenvector {1, .2}. 

The Inverse Power Method 
The inverse power method is a modification of the power method. The following code 
corresponds to Example 3 from Section 5.8. It will seek out the smallest eigenvalue and 
corresponding eigenvector. 

In[1]= A={{10,-8,-4},{-8,13,4},{-4,5,4}}; 
lis={}; 
x={1.,1.,1.}; 
alpha=1.9; 
Do[{y=LinearSolve[A-alpha IdentityMatrix[3],x], 

 mu=Max[Abs[y]],v=alpha+1/mu, 
 lis=Append[lis,{v,x}],x=(1/mu) y}, {5}]; 

lis 

    Out[6]= {{2.02889,{1.,1.,1.}},{2.00081,{0.57359,0.0646492,1.}},
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{2.00005,{0.50536,0.0044530,1.}},{2.,{0.50038,0.000312
81,1.}}, 
{2.,{0.500027,0.0000220072,1.}}} 

The last element of lis is very close to the smallest eigenvalue of A, 2,  with eigenvector {.5, 0, 1}. 

SECTION 6.1 Inner Product and Norm 

If u and v are vectors in row form, then u.v is their inner product. The length or norm of v is 
Sqrt[v.v]. You can also determine the length or norm of a vector with the built-in command 
Norm[v]. 

SECTION 6.2 Orthogonality 

In Exercises 1-9 and 17-22, a quick way in Mathematica to test a set {u1, u2, u3} for 
orthogonality is to create a matrix U =Transpose[ {ul, u2, u3} ], where ul, u2, and u3 represent 
the vectors from the set in row form. Then test whether Transpose[U].U is a diagonal matrix. 
Note: U is constructed using the Transpose command in order to produce a matrix whose 
columns are ul, u2, ... , un.  

In general, for row vectors y and u, the orthogonal vector projection of y onto u is (y.u)/(u.u) u 
or, you can use the Mathematica command Projection[y, u]. 

SECTION 6.3 Orthogonal Projections 

The orthogonal projection of a single vector onto a single vector is described in the 
Mathematica note for Section 6.2. The orthogonal projection onto the set spanned by an 
orthogonal set of vectors is the sum of the one-dimensional projections. Another way to 
construct this projection is to normalize the orthogonal vectors, place them in the columns of a 
matrix U, and use Theorem 10. Consider the vectors given in Exercise 4.  

In[1]=  y = {6,3,-2}; 
u1 = {3,4,0}; 
u2 = {-4,3,0}; 
U=Transpose[{u1/Norm[u1], u2/Norm[u2]}] 
proj=(u.Transpose[u]) y 

The last command produces the orthogonal projection of y onto Span{u1, u2}. (The parentheses 
used in the command speed up the computation by avoiding a matrix-matrix product.)  

SECTION 6.4 The Gram-Schmidt Process 

Let A be a matrix with n linearly independent columns. Mathematica has a command 
Orthogonalize[A] and its default method is the Gram-Schmidt basis. For practice in learning the 



MM-28   Notes for Mathematica 
 

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley 

general procedure, we will consider Exercise 12 in Section 6.4. We begin by selecting the 
columns of A and, for simplicity, we will normalize each column. Then we use the Gram-Schmidt 
technique and normalize the output vectors {v1, v2, v3}. 

    In[1]= A={{-1,6,6},{3,-8,3},{1,-2,6},{1,-4,-3}} 
Ac=Table[Transpose[A][[k]] ,{k,1,3}] 

     {x1,x2,x3}=Table[Ac[[i]]/Norm[Ac[[i]]],{i,1,3}] 
     v1=x1; 

v22=x2-(x2.v1)v1; 
v2=v22/Norm[v22]; 
v33=x3-(x3.v1) v1-(x3.v2)v2; 
v3=v33/Norm[v33]; 
MatrixForm[{v1,v2,v3}]//N 

Out[9]//Matrixform=  
0.288675 0.866025 0.288675 0.288675

0.866025 0.288675 0.288675 0.288675

0.288675 0.288675 0.866025 0.288675

−⎛ ⎞
⎜ ⎟−⎜ ⎟
⎜ ⎟− − −⎝ ⎠

 

If you execute the Mathematica command Orthogonalize[Transpose[A]], you will get the same 
output. Another built-in Mathematica command QRDecomposition[A] outputs two matrices, 
the first of which is the same as the Gram-Schmidt matrix just generated. When the Transpose 
of this matrix is multiplied by the second matrix generated by QRDecomposition[A], the product 
yields the original matrix A. 

SECTION 6.5 Finding a Least Squares Solution 

To find the projection of a vector onto the columns of a matrix, refer to the discussion for 
Section 6.3. To find the least squares solution, you should first determine whether or not A has 
linearly dependent columns. If the columns are linearly independent you can use the 
LinearSolve command to find a solution to the normal equations ATAx = ATb. After defining A, 
assign AT=Transpose[A], the LinearSolve[AT.A, AT.b]. 

Regardless of whether or not the columns of A are linearly independent, you can do the 
following. After defining A and AT (transpose of A), create the augmented matrix 
Aaug=Join[AT.A, {AT.b}] then use RowReduce[Transpose[Aaug]] and you can read the solution 
from the output.  

For Exercises 15 and 16, see the Numerical Note following Theorem 15 in the text. After defining 
A and b, execute (q,r) = QRDecomposition[A], a command mentioned in the discussion for 
Section 6.5. After determining q and r, use the command LinearSolve[r, Transpose[q].b] to solve 
Rx = QTb.  

The command A = Join[{{AI}, {A2}}] can be used in Exercise 26 to create a partitioned matrix 
whose top block is Al and whose bottom block is A2.  
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SECTION 6.6 Least Squares Solutions and Functions of Vectors 

Once you create the design matrix X and the observation vector y, your computations for the 
leastsquares solutions are the same as those described the discussion for Section 6.5. Here, A 
and b are replaced by X and y, respectively. When X has linearly independent columns, the 
Mathematica commands XT=Transpose[X], the LinearSolve[XT.X, XT.b] will solve the system. If 
the columns of X are linearly dependent, instead of using LinearSolve, after defining XT, you 
need to first create the augmented matrix Xaug=Join[XT.X, {XT.b}] and then apply 
RowReduce[Transpose[Xaug]] and read the solution from the output. 

To construct the design matrix for certain exercisse in this section, you may need Mathematica's 
ability to compute functions of vectors. If x is a vector and k is a positive integer, then xk is a 
vector the same size as x whose entries are the kth powers of the entries in x. The function 
Cos[x]k was mentioned in the Mathematica notes in Section 4.3; Sin[x] is the expression for the 
sine function. The exponential function, Exp[x], and the natural logarithm function, Log[x], also 
act on each entry in x. The entries in the vector Exp[-.02 x], for example, are computed by 
applying the function e-.02x 

 
to the corresponding entries in x. You can enter e-.02x directly from 

the keyboard in Mathematica by selecting the  expression followed by the script e symbol 
from the Basic Math Input Palette. It should be noted that Log[x] automatically assumes the 
natural log. There is no “ln” command. If you wanted the base-10 logarithmic function, you 
would need the command Log[10, x] 

SECTION 6.7 Integrate Command 

The Mathematica command Integrate[f[t], {t, a, b}] will attempt to compute ( )
b

a

f t dt∫  when f is 

integrable on [a, b]. Using the Basic Math Input Palette, you can enter the integral in a more 

natural way: ( )
b

a

f t dt∫ . To solve Exercise 28 with the help of Mathematica, begin by creating an 

inner product function where , ( ) ( )
b

a

f g f t g t dt< > = ∫ . The assignment statement for ip[f, g] 

below assumes that t is the variable of integration. In the Integrate command, put a space 
between f and g for multiplication. 
    In[1]= Clear[ip,f,g,t,p1,p2,p3,p4,q1,q2,q3,q4] 
     ip[f_,g_]: = Integrate[f g, {t, 0, 2π}] 

{p1, p2, p3, p4} = Table[ Cos[t]k, {k,0,3}];  

Then perform the Gram-Schmidt process in a similar fashion as illustrated in the Mathematica 
notes for Section 6.4, but using the newly defined inner product. The input steps are shown 
here:  

q1 = p1;  
q2 = p2 -(ip[p2, q1] / ip[q1, q1]) q1;  
q3=p3-(ip[p3,q1]/ip[q1,q1]) q1-(ip[p3,q2]/ip[q2,q2]) q2; 
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q4=p4-(ip[p4,q1]/ip[q1,q1])q1-(ip[p4,q2]/ip[q2,q2]) q2 
                (ip[p4,q3]/ip[q3,q3]) q3; 

{q1, q2, q3, q4} 
{q1, q2, q3, q4}//Simplify 

The output will show the set of orthogonal functions, first as they were computed, and second 
in simplified form using trigonometric identities. 

SECTION 6.8 Defining Discontinuous Functions and Computing Fourier Series  

For Exercise 10, you can define the square wave function in Mathematica in more than one way. 
Using the Piecewise command, you could make the function assignment as a list of rules. 
Another way to define such functions is to use the UnitStep function. This is a widely used 
function in mathematics and UnitStep[t] takes on the value of 0 for t < 0 and 1 for t ≥ 0. This is 
what the commands would look like 

f1[t_]=Piecewise[{{1, 0 ≤ t < π}, {-1, π ≤ t < 2π}}    or    f2[t_]=UnitStep[t]– 2 UnitStep[t – π] 

Once you have defined the function, you can compute the Fourier coefficients using integration. 
Below are input commands for generating the Fourier coefficients for a function f[t] and 
creating the series. You must input a value of n at the start, indicating how many terms you 
want to generate. 

n= 
a0=1/(2 π ) Integrate[(f[t], {t,0,2 π }]//Simplify 
sinc=Table[1/ π Integrate[f[t] Sin[k t], {t, 0, 2π}],{k, 1, n}] 
cosc=Table[1/ π Integrate[f[t] Cos[k t], {t, 0, 2π }],{k, 1, n}] 
fs[t_]=a0 + cosc.Table[Cos[k t],{k, 1, n}] + sinc.Table[Sin[k t],{k, 1 ,n}] 

This set of commands will output the coefficients and create the Fourier series, naming it fs[t] 
and you can plot this function (in red) along with your original function (in blue) with the 
command: 

Plot[{fs[t], f[t]}, {t, 0, 2π}, PlotStyle → {Red, Blue}] 

Mathematica also has built-in functions that generate the Fourier series for functions. 
FourierSeries, FourierSinSeries, FourierCosSeries, FourierCoefficients, etc. 
 
SECTION 7.1 Orthogonal Diagonalization 

Recall the Eigensystem[A] command as it was used in the discussion for Section 5.3. It 
generated the eigenvalues and corresponding eigenvectors for a matrix A. That allowed us to 
define a matrix P whose columns were the eigenvectors of A, and a diagonal matrix mD whose 
entries were the eigenvalues of A, such that A = P.mD.P-1. The columns of P are orthogonal, but 
we must normalize them now. We have done this before, but we will introduce a new command 
Normalize. We can apply this command to a vector to turn it into a unit vector. We will 
demonstrate this using the matrix in Exercise 10.
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In[1]=  A={{7,-4,4},{-4,5,0},{4,0,9}}; 
{evals, evecs} = Eigensystem[A]; 
evecsn=Table[Normalize[evecs[[i]]], {i, 1, 3}]; 

     MatrixForm[P = Transpose[evecsn]] 
     MatrixForm[mD =DiagonalMatrix[evals]] 
     MatrixForm[P.mD.Inverse[P]] 

The output will consist of  

2 1 2
3 3 3

1 2 2
3 3 3

2 2 1
3 3 3

13 0 0 7 4 4

, 0 7 0 , 4 5 0

0 0 1 4 0 9

P mD A

− − −

= − − = = −
⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠ ⎝ ⎠⎝ ⎠

, 

verifying that we have accomplished the orthogonal diagonalization of the matrix A. 

SECTION 7.4 The Singular Value Decomposition 

The built-in Mathematica command SingularValueList[A] outputs the list of singular values of 
the matrix A, and SingularValueDecomposition[A], outputs the three matrices discussed in 
Theorem 10 in Section 7.4. Unlike in the Eigensystem[A]  command, the matrix A does not have 
to be a square matrix in order to apply these commands. 

The SingularValueList command was discussed in the discussion for Section 2.3 when indicating 
how to find the Condition number for a matrix. Since this command outputs the singular values 
in decreasing order, the commands, sv=SingularValueList[A]//N and sv[[1]]/sv[[-1]] output the 
list of singular values and the condition number of the matrix A. Numerical computation is often 
needed for simplification. The following series of input commands can lead you through the 
steps in Example 4. 

    In[1]= A={{1,-1},{-2,2},{2,-2}}; 
sv=SingularValueList[A] 
{evals,evecs}=Eigensystem[Transpose[A].A] 

Before the Σ (sigma) matrix can be determined, the singular values are needed. There is only 
one here. 

    v=Transpose[{Normalize[evecs[[1]]],Normalize[evecs[[2]]]}]; 
sigma={{sv[[1]],0},{0,0},{0,0}} 
u1=1/sv[[1]] A.v[[1]] 
Solve[u1.{a,b,c}==0,{a,b,c}] 

The output of the Solve command is {{c → -(a/2)+b}} and from this, you can get two vectors that 
are perpendicular to u1. If you let a = 2 and b = 0, you get c = -1. If a = 0 and b = 1, then c = 1. 
You also need to select u3 so it is perpendicular to u2.  
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     u2=Normalize[{2,0,-1}] 
     u33={0, 1, 1}; 

u3=Normalize[u33-u33.u2 u2] 
u=Transpose[{u1,u2,u3}] 
u.sigma.Transpose[v] 

and the output for the last input will verify that the product of these three matrices is A. The 
matrices for u and v might vary slightly from those in the text in terms of the ordering of the 
rows of u or factors of -1 in certain rows, but that is to be expected. If you execute the 
command 
     SingularValueDecomposition[A] 

the output will be very similar to the matrices found in Example 4 in your text. 

In Examples 7 and 8, mention is made of a pseudoinverse. For a square matrix, the Mathematica 
command PseudoInverse gives the Moore–Penrose inverse. PseudoInverse[A] also works on 
rectangular matrices. For a system of equations, Ax = b, PseudoInverse[A].b gives the least 
squares solution of the system. 

SECTION 7.5 Computing Principal Components 

The Mathematica command Mean[v] outputs the mean of the components of the vector v. To 
generalize our code, we will also use the command Length[v] that determines the length of a 
list. Consider the data given in Exercise 2. Use the following set of commands to turn the data X 
into mean-deviation form, and then find its covariance matrix and principal components as 
requested in Exercise 4. Mathematica also has a PrincipalComponents[mat] command that 
transforms elements of a matrix into unscaled principal components. 

In[1]= mat={{1,5,2,6,7,3},{3,11,6,8,15,11}}; 
meanlist=Table[Mean[mat[[i]]],{i,1,2}] 
Bmat=Transpose[Table[Transpose[mat][[i]]-meanlist,{i,1,6}]] 
Smat= Bmat.Transpose[Bmat] / (Length[mat[[1]]]-1) 
MatrixForm[{evals,evecs}=Eigensystem[Smat//N]] 

The output will show the mean list, the B matrix, the S covariance matrix, and the eigensystem 
for the S matrix. From the eigensystem result, the answer for Exercise 8 can be determine, using 
the eigenvector for the principal eigenvalue to identify the components of y1 and computing the 
ratio of the principal eigenvalue to the sum of the two eigenvalues to determine how much of 
the variance can be explained by y1. See the Numerical Note at the end of Section 7.5 of the text 
as it explains the value in using SingularValueDecomposition matrices to compute principal 
components of the data for data sets. 

SECTION 8.3 Convex Combinations 

For Exercises 24-25, see the discussion of the Mathematica command BezierCurve under 
Section 8.6. 
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SECTION 8.5 Polytopes 

For finding a vector which minimizes a quantity subject to linear constraints, Mathematica 
contains the built-in command LinearProgramming. Even a method of solution can be specified, 
such as “InteriorPoint”, “Simplex”, or “RevisedSimplex”. Suppose we wished to minimize the 
function 2x + y over the convex region described in Exercise 8 of your text. The commands 
would be as follows: 

    In[1]=  A={{2,1},{1,1},{1,2}}; 
b={8,6,7}; 
LinearProgramming[{{2,1}, A, b] 

    Out[3]= {2, 4} 

In earlier versions of Mathematica, many of the linear algebra commands were available only in 
special packages that had to be loaded before executing the commands. That is no longer the 
case, but there are still packages for special purpose operations in Mathematica. You can see a 
list of those packages by selecting Function Navigator on the Help menu and then scrolling down 
to the Add-Ons & Packages. One package of interest that pertains to Section 8.5 is called 
“Polytopes`”. This package contains functions that give geometrical characteristics of regular 
polygons. Polygons are identified by name, such as, Digon, Pentagon, Hexagon, Heptagon, 
Octagon, Nonagon, Decagon, Undecagon, Dodecagon, in function arguments and in results.  

The package is loaded using the command Needs[“Polytopes`”]. The symbol ` at the end of the 
word Polytopes can be found on the upper left side of your keyboard to the left of 1. The Needs 
command has no output, but once it is loaded you can call on commands such as Vertices which 
gives the coordinates of the vertices of a polytope and those points can be plotted. Other 
commands are NumberofVertices, NumberofEdges, NumberofFaces, Area, Faces, 
InscribedRadiius, CircumscribedRadius. Following is an example of using this package. The 
AppendTo statement is needed because it inserts the first vertex to the end of the list to close 
the polygon. 

    In[1]= Needs[“Polytopes`”] 
     vdec=Vertices[Decagon]//N 
     AppendTo[vdec,vdec[[1]] 
     ListPlot[vdec, AspectRatio → 1, Joined → True, 

PlotStyle->PointSize[.035]] 

The option AspectRatio→1 plots the horizontal and vertical points in a 1↔1 ratio. The default 
ratio is the reciprocal of the Golden Ratio. The option Joined → True will connect the points with 
lines. 

SECTION 8.6 Curves and Surfaces 

Mathematica supports state-of-the-art splines for use both in graphics and computational 
applications.  It allows not just cubic splines, but splines of any degree – for curves, surfaces, and 
in general manifolds of any dimension. It can represent splines as explicit piecewise symbolic 
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functions. Some of the built-in commands in Mathematica that pertain to this section include 
BezierCurve and BezierFunction that generate curves  or surfaces of higher dimension 
manifolds and functions for those curves or surfaces. BezierCurve by default represents a 
composite cubic, but the SplineDegree option allows one to vary the degree of the polynomials 
for the curves. As was stated in Exercise 25 from Section 8.3, a Bezier curve of degree k is 
determined by k+1 control points.  

Mathematica commands BSplineCurve and BSplineSurface are extensions of Bezier curves and 
surfaces. A B-spline curve of degree m with n control points consist of n – m Bezier curve 
segments. These segments all have C2 continuity at the join points. The Practice Problems at the 
end of Section 8.6 compare a B-spline with a Bezier curve. The differences can be demonstrated 
using the following sets of commands. Here, we use the Graphics command to display Bezier 
(thin curve) and B-spline (thick curve) curves of degree two, together with the control points and 
segments connecting those points. 

 

 In[1]= pts = {{1,1}, {2,3}, {3,-1}, {4,1}, {5,0}}; 
 g1=Graphics[{BezierCurve[pts, SplineDegree → 2], 
  Dashed, Line[pts], PointSize[.03], Point[pts]}]; 
 g2=Graphics[{Thick, BSplineCurve[pts, SplineDegree → 2], 
  Dashed, Line[pts], PointSize[.03], Point[pts]}]; 
 Show[g1, g2]  

If you remove the SplineDegree → 2 specification and re-execute the commands, you would get 
cubic splines. By default, if BezierCurve[pts] is applied to a set of five points, it will find a cubic 
with which to approximate the first four points, then uses a straight line between the fourth and 
fifth points. 

 Graphs with polynomials of degree 2  Graphs with polynomials of degree 3 

  



Index of Mathematica Commands           MM-35 
 

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley 

 

INDEX OF MATHEMATICA COMMANDS 

 
+  (matrix addition), MM11 
–  (matrix subtraction), MM11  
:= (delayed equals), MM11, MM18  
% (last output), MM14-15 
_  (underscore), MM11, MM18  
^  (power), MM12, MM21  
.  (matrix multiplication), MM9 and 
following 
.  (inner product), MM27  
/ (division), MM13 and following 
// (postfix command), MM4 and following 
/. (evaluated at), MM23 
 ; (semicolon), MM4 and following 
 == (equation equal), MM19-20  
 = (set equal), MM2 and following  
[[ ]] (double brackets), MM4 and following 
? or ?? (question), MM4, MM12   
Abs, MM26 
Append, MM8-10, MM14, MM26 
AppendTo, MM21, MM33 
BezierCurve, MM34 
BSplineCurve, MM34 
CharacteristicPolynomial, MM22 
Clear, MM6, MM11, MM24-27, MM29  
Cofactor, MM17-18 
ConstantArray, MM10, MM12, MM19 
Cos, MM18-19, MM29-30 
Do, MM21, MM26 
Det, MM16-18, MM22  
DiagonalMatrix, MM23, MM31 
Eigensystem, MM21 and following 
Eigenvalues, MM21, MM26 
Eigenvectors, MM21, MM26 
Exp, MM29 
FourierSeries, MM30 
Graphics, MM34 
HilbertMatrix, MM14 
 

 
 
 
I (imaginary number i), MM24  
IdentityMatrix, MM12, MM16, MM22, 
MM26 
Im, MM24-25  
Integrate, MM29-30 
Inverse, MM13, MM15-16, MM24, MM31 
Join, MM12, MM28-29 
Length, MM32 
LinearProgramming, MM33 
LinearSolve, MM15, MM19, MM26, MM28-
29 
ListPlot, MM24-25, MM33  
Log, MM29 
LUDecomposition, MM14-15  
MatrixForm, MM4 and following  
MatrixRank,  MM16, MM19 
MatrixPower, MM12, MM20-21  
Max, MM26 
Mean, MM32  
Minors, MM16-17 
N,  MM11, MM13-14, MM19, MM28, 
MM31-33 
Needs, MM17-18, MM33 
Norm, MM27-28 
Normalize, MM31-33 
NullSpace, MM16, MM18-19 
Orthogonalize, MM27-28 
Piecewise, MM30 
PlotStyle, MM23-25, MM30, MM33 
Plot, MM18, MM22-23, MM30 
PrincipalComponents, MM32 
Projection, MM27 
PseudoInverse, MM32 
QRDecomposition, MM28 
Random, MM21 
Randomlnteger, MM12-14, MM19 
Re, MM24-25 
RowReduce, MM7 and following 
Show, MM23, MM25, MM34 
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Simplify, MM24, MM30  
Sin, MM18-19, MM29-30  
SingularValueDecomposition, MM31-32 
SingularValueList, MM13, MM31  
Sqrt, MM27 
Solve, MM19-20, MM22, MM31 
Sum, MM18, MM21 
Table, MM11, MM18-21, MM25, MM28-32 
TableForm, MM11 
Transpose, MM7 and following 
UnitStep, MM30 
 
Package “Combinatorica`”, MM17 
Package “Polytopes`”, MM33 
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